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D. KATZ

1. NAGATA RINGS

In this part of the course we deal with the following question: Given a Noetherian domain R with quotient
field K, when is the integral closure of R in a finite extension of K a finite R-module? The rings from algebraic
geometry have this property. Our immediate goal is to see to what extent this property holds in a purely
algebraic setting.

Until further notice, or unless indicated otherwise, R will denote a Noetherian integral domain with quotient
field K. We will consistently use L to denote a finite field extension of K and S to denote the integral closure
of R in L. For an integral domain 7', we will write 7" for the integral closure of T' (in its quotient field).

Definition. Maintaining the notation above:
(i) R is said to satisfy N7 if R’ is a finite R-module.
(ii) R is said to satisfy Ny if S’ is a finite S-module for all finite extensions L of K.
(iii) R is said to be a Nagata ring if R/ P satisfies Ny, for all prime ideals P C R.

Comments. 1. The main goal of this section is to prove that if R is a Nagata ring, then any finitely
generated R-algebra T is a Nagata ring.

2. Though we are assuming throughout that R is an integral domain, the definition of Nagata ring clearly
applies to any Noetherian ring. The theorem we seek for arbitrary rings reduces trivially to integral domains,
so we do not lose any generality by assuming R and T are integral domains.

3. If S is a finite extension of R, then R satisfies N, if and only if S satisfies Ny. The forward direction is
clear. If S satisfies Ny and A is the integral closure of R in a finite extension F of K, then A is contained
in the integral closure B of S in the field obtained by adjoining E to L. Since B is finite over S, it is finite
over R, and thus A is finite over R.

4. If R satisfies Ny or is a Nagata ring, then Rg is No or a Nagata ring, for any multiplicatively closed set
S CR.

5. If S is a finite extension of R, then R is a Nagata ring if and only if R is a Nagata ring. This follows
easily from 3 above and the lying over property for integral extensions.

6. If R is a complete local domain, then R is a Nagata ring. Why: Each factor R/P is a complete local
domain and complete local domains satisfy Ny (coming soon).

We will require a number of preliminary results before getting to the main result on Nagata rings. For
this, we need a good understanding of integral closure. Our first result is a variation on Serre’s criteria for
a ring to be integrally closed.

Proposition A. Let 0 # x € R. Then xR is an integrally closed ideal if and only if Rp is a DVR, for all
P e Ass(R/zR).

Proof. Suppose that for each P € Ass(R/xR), Rp is a DVR, and fix one such P. If y € zR, then
y € tRp = xRp, since Rp is a DVR. Since this holds for all P, y € zR.

Now suppose xR is integrally closed and P € Ass(R/xR). We may assume R is local at P. Write
P = (xR :a). Then P- % is an ideal of R. If P- 2 C P, then by the determinant trick, % is integral over R.
Thus, a € R = =R, a contradiction. Therefore P - ¢ =R.

T

shows P = pgR. Therefore, R is a DVR. O
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Take po € P such that po - ¢ = 1. Now take any p € P. Note that p- 2 € R. Thus, p = (p- %) - po, which



Corollary B. For R as above, R is integrally closed if and only if for every prime P C R associated to a
principal ideal, Rp is a DVR.

Proof. Since an element & € K is integral over R if and only if a € zR, R is integrally closed if and only if
each principal ideal zR is integrally closed. Thus, the corollary follows immediately from Theorem A. [

Corollary C. Suppose there exists 0 # x € R such that R, is integrally closed. Then there exists an ideal
J C R such that for all prime ideals Q C R, Rq is integrally closed if and only if J € Q.

Proof. If Rp is a DVR for all P € Ass(R/xzR), then the previous corollary implies that R is integrally closed
and we just take J = R.

Otherwise, let Py, ..., P. be the prime ideals in Ass(R/xR) such that Rp is NOT a DVR. Set J := P,N---NP,.
Suppose Q C R is a prime ideal. If J C @Q, then P; C @, some i. Since Rg localized at PR is just Rp,,
zRg is not integrally closed, and thus R¢ is not integrally closed.

Suppose Rg is not integrally closed. Then we must have x € @ and xRq is not integrally closed. By
standard localization arguments, P; C @, for some i. Thus, J C Q. ]

Suppose R is locally analytically unramified and T is a finitely generated R-algebra contained in K. Then
T’ is locally finite over T. In general, if T is a Noetherian domain and T}, is finite over T, for all maximal
ideals m, then it need not be the case that T’ is finite over T'. However, the following important result gives
a case when this does hold.

Theorem D. Let T be a Noetherian domain satisfying the properties:

(i) Ty is integrally closed for some 0 #b e T.
(2) Ty, is finite over Ty, for all maximal ideals m containing b.

Then T" is finite over T.

Remark. Note that conditions (i) and (ii) above together imply that 77, is finite over Ty, for all maximal
ideals m.

Proof. For each maximal ideal m containing b, let T C T'(m) C T' be a ring which is a finite T-module
satisfying T'(m)y = Ty,. Fix m. Since T, = Ty, T'(m), = T} is integrally closed. By the previous corollary,
there exists J(m) C T'(m) such that for all primes @ C T'(m), T is integrally closed if and only if J(m) Z Q.
Set I(m) = J(m) NT. Note that since T(m)y, is integrally closed, I(m) € m, since J(m)y = T(m)n. Let
J C T be the ideal such that Ty is integrally closed if and only if J Z . Thus J Z m for all maximal ideals
m not containing b.

If we take the sum of all ideals T(m) together with J, then we get an ideal not contained in any maximal
ideal of T. Thus, this sum equals 7. Therefore, a finite set of ideals from this collection sum to R. Call
these ideals J, I(my),...,I(ms). Note that it does no harm to include J, even if it is not required.

Set T := T[T(my),--- ,T(my)], a finite T-module with T C T C T’. We claim T = T”. It suffices to show
that Ty = Té? for all maximal ideals () C T'. Fix a maximal ideal Q.

Set m := QNT. Then m does not contain J+I(my)+---+1I(m,). If J  m, then Ty, = Ty;,. Hence Tw =T,
and therefore Tg = T,.

If I(m;) £ m, set Qo := Q NT(m;). Then J(m;)  Qo. Thus, T'(m;)q, = T, . Therefore To, = 15, Since
T and Ty, are further localizations of T, = T, , it follows that T = Ty, as required. O

Corollary E. Suppose R is integrally closed and locally analytically unramified. Let R CT C K be a finitely
generated R-algebra. Then T’ is a finite T-module.

Proof. We can write T' = R[%,..., %], for a;,b € R. Then, T) = R, is integrally closed. On the other

hand, let m C T' be a maximal ideal and set @ :=m N R. Then T, is finite over Ty, since Rq is analytically
unramified. Thus, T}, is finite over Ty, so the result follows from Theorem D. O

Our next result shows that there is no difference between the conditions N; and Ny for rings having
characteristic zero.



Theorem F. Suppose that R has characteristic zero and satisfies condition Ni. Then R satisfies No. In
particular, if R is integrally closed, and has characteristic zero, then R satisfies N.

Proof. Let L be a finite extension of K and S the integral closure of R in L. If we show that S is a finite
R’-module, then since R satisfies N1, S is a finite R-module. Thus, it suffices to prove the second statement.

We now assume R is integrally closed. Since L is a separable extension of K, we may enlarge L to a
Galois extension L’ of K. If the integral closure of R in L’ is finite over R, then S is finite over R. Thus,
without loss of generality, we assume L is Galois over K.

Since L is separable over K, we may write L = K («a), for some « € L. In fact, we may take a € S, such that
L = K(a), by clearing denominators in an equation of algebraic dependence for e over K. Recall: Since R
is integrally closed, the minimal polynomial f(z) for a over K has coeflicients in R. Let a = ay,as,...a, be
the roots of f(x).

Thus, n is the degree of f(x) and every element in L can be written (uniquley) in the form:
k01 + kla i kn—1an715
forkj € K. Let o1,..., 05, denote the elements of the Galois group of L over K. Set d :=[[,_; (0i(a)—0j(a))?,
the discriminant of f(xz). The proof is complete if we show d - S C R]a].
Let s € S and write
s:k01+k1a+~~+kn_1a”’1, (*)

with k; € K. If we show that d-k; € R, for all j, then d-s € R[a]. Applying each o; to (*), we get an n x n
system of equations of the form

0'1‘(8) = k’01+k10i(a) + "-+kn_1ai(a)"71. (**)
k‘o (o5} (S)
This yields a matrix equation A- | 1 | = : |, where A = (0(a)?).
kn,1 On (S)
Let A denote the adjugate of A, so that A- A = det(A) - I,A. We note: (i) A is a Van der Mond matrix,
and thus det(A)? = d.
(i) Each 0;(s) and o;(a)’ is integral over R, and thus belongs to S (since L is Galois over K).
o1(s)
(iii) Multiplying (**) by A shows the entries of A - are integral over R.
on(s)
Thus each det(A) - k; is integral over R. Therefore d - k; is integral over R. On the other hand, for each

i, 0j(dk;) = dk;, for all j. Thus dk; € K, for all i. Since each dk; is integral over R, each dk; € R, as
required. ([l

Important Remark. The crucial point in the proof above is the fact that L is separable over K. Thus the
proof of Theorem F shows the following: If R is an integrally closed Noetherian domain with quotient field
K, then the integral closure of R in a finite separable extension of K is a finite R-module.

The example below due to Nagata constructs a one-dimensional local domain S with infinite integral
closure and also a one-dimensional DVR R that does not satisfy Ns. Since an excellent local domain must
satisfy Ny, R is not excellent.

Example G. We start with a field K of characteristic p > 0 such that [K : K?] = oo. For example, one
can take K to be Z,(U1,Us,...), where {U;} are algebraically independent over Z,. We set T := K[[z]] and
R := KP[[z]][K], where z is analytically independent over K. We follow the steps below.
Step 1. For f =32 oz’ € T, f € R if and only if [KP({e;}) : KP] < o0.
Proof: Suppose f € R. Then we can write f = g1k1 + --- + gok,, for g; € KP[[z]] and k; € K. If we
write g; := Y ;o Bi;x’, then for all i > 0, we have a; = Biki + -+ + Birk,. It follows that K?({a;}) C
K?P ki +---+ KP - k., and thus [K?({a;}) : KP] < 0.
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Conversely, suppose [K?({a;}) : KP] < oo. Let ky,..., k. be a basis for K?({«;}) over K?. Then for
each ¢ > 0, we have an equation o; = B;1k1 + - - + Birky,, with each §;; € KP?. It follows that if we set
gj = D>oiey Bija’, then f = giki + -+ + grky,, and hence f € R.

Step 2. R is a discrete valuation ring.

Proof: Tt suffices to show that xR is the set of non-units of R (and hence zR is the unique maximal ideal of
R) and ;2, "R = 0. The second statement follows since (=, z"T = 0. For the first statement, suppose
f= Z;’io a;z' € R is a non-unit. We claim oy = 0. Suppose not. Then f is a unit in 7', and hence there
exists g = >.7, Bix? such that fg = 1. If we solve the resulting system of equations

apfo =1
a0 +apfr =0

for the 3;, we see that KP({3;}) C KP({«;}), and thus [KP({5;}) : KP] < o0, since f € R. Thus, g € R,
which is a contradiction, since f is a non-unit in R. Thus, oy = 0. Therefore, we can write f = x f . Since
the coefficients of f are the same as the coefficients of f, only shifted by one degree, by Step 1, f € R. Thus,
f € xR. Therefore, the non-units of R are contained in xR. Since every element of R is clearly a non-unit
in R, it follows that =R is the set of non-units in R. Thus, R is a discrete valuation ring.

Step 3. T is the z-adic completion of R.

Proof: Every f in T in the limit (in the z-adic topology) of a sequence of polynomials {f,} C KJ[z]. Each
fn € R. Thus, R is dense in T'. Since T' is complete in the z-adic topology, T is the completion of R.

Step 4. Take By, B1,... € K such that [KP({8;}) : K?] < oo and set a := > =, Biz’, so a € T\R. Then
aP € R and for an indeterminate Y over R , YP — aP is irreducible over R.

Proof: In T, we have a = lim,_, an, where a, = Bo + -+ + Bpx™. Thus, lim,_,. af, = aP. Since
al = B8+ -+ B,2"P, it follows that a? = Y ;= B’z € R.

Now, a? is not a pth power in R, otherwise a? = rP, for some r € R, and thus (¢ —r)? = 0,80 a —r =0,
which gives a € R, a contradiction. Since R is integrally closed a? is not a pth power in the quotient field of
R, so YP — a? is irreducible over R.

Step 5. Set S := R[a]. Then S = R[Y]/(Y? —a?) and S is a one dimensional local domain whose integral
closure S’ is not a finite S-module.

Proof: From the previous step we know that Y? — aP generates a height one prime in the UFD R[Y]. Since
YP? — aP belongs to the kernel of the natural map from R[Y] to R|a], it must generate the kernel. This gives
the first statement.

For the second statement, S is integral over R, so it is one-dimensional. Moreover, h? € R, for all h € S,
so S must local. To see this, suppose Q1, Q2 C S are two maximal ideals. Since R is local, Q1N R = Q2N R.
Take h € Q1\Q2. Then h? € Q1 N R = Q2N R, so h? € Q2. Thus, h € Qa, a contradiction. Therefore S is a
one-dimensional local domain.

We claim S = R[Y]/(Y? —aP) = T[Y]/(YP —aP). Here the completions of R and S are taken with respect
to the z-adic topology, which in each case yields the completion with respect to the respective maximal
ideals. Suppose the claim holds. In T[Y], Y? — a? = (Y — a)?, which shows that T[Y]/(Y? — a?) and hence
S is reduced. Thus, S is not analytically unramified. By what we have already shown in class, this implies
that S’ is not a finite S-module.

For the claim, we tensor the exact sequence

0= (YP —aP)R]Y] 5 RY] = S >0

with R to obtain the exact sequence

~

0 (Y? —a")R[Y]@ R % R]Y] = § — 0,

where we use the easy-to-check fact that R[Y]® R = R[Y]. Since the image of the map i is (Y? — a?)R[Y],
this yields the claim.



Step 6. R does not satisfy N,. Hence R is a non-excellent discrete valuation ring.

Proof: Since a finite extension of a ring satisfying No must have a finite integral closure, the first statement
follows from the previous step. The second statement follows from the fact that an excellent local domain
must be a Nagata domain, and hence must satisfy No. We will see this later in the semester.

Remark. The example above is a special case of Nagata’s example, in that Nagata takes more variables.
In other words, he sets T := K|[x1,...,24]] and R := KP[[z1,...,x4]|[K], where x1,..., x4 are analytically
independent variables over F'. Nagata proves that R is a regular local ring with completion T. When d = 2
and d = 3, he uses R and T to also construct: (a) An example of a two-dimensional Noetherian domain A
and a non-Noetherian ring B such that A C B C A’ and (b) An example of a three-dimensional Noetherian
domain C such that C’ is not Noetherian. These examples are relevant because on the one hand, every ring
between a one-dimensional Noetherian domain and its quotient field is Noetherian, while on the other hand,
the integral closure of any two-dimensional Noetherian domain is Noetherian.

The next important theorem shows that a Nagata local domain is analytically unramified.
Theorem H. Assume that (R, m, k) is a local Nagata ring. Then R is analytically unramified.
Proof. We proceed with the following steps.

Step 1. Reduction to the case that R is integrally closed.

Proof. We use the fact that if A is a semi-local ring with maximal ideals P;,..., P, and J =P, N---N P,
then the J-adic completion of A is the direct sum of the P;-adic completions of A. To see this, note that for
each n,

AlJ" =2 A/P'®---® A/P.
Now use the fact that inverse limits commute with direct sums to conclude A7 = APr @ ... AP Note that
in this case, A” is reduced if and only if each A" is reduced.

We apply the foregoing to R’. Since R’ is finite over R, R has finitely many maximal ideals and R =R ®]§,
hence the inclusion R® R — R’ ® R shows that R is contained in the completion of R’ with respect to mR’.

On the other hand, vmR’ =: J is the Jacobson radical of R’. Thus, the completions of R’ with respect to
mR’ and J are the same. The latter is the direct sum of the completions of R’ with respect to Pi,..., P,

—P; ~
where the P; are the maximal ideals of R’. If each R’  is reduced, then R is reduced, which is what we

want.

Since each R, is also a Nagata ring and R P R’ , it suffices to show each R}, is analytically unramified.
Thus, we may now assume that R is integrally closed

Step 2. If 0 # 2 € R and P € Ass(R/xzR) satisfies R/(P N R) is analytically unramified, then (R)p is a
DVR.

Proof. Set Py := PN R and localize R at Py. We note that Py € Ass(R/zR). If not Py, contains a non-zero
divisor on R/xR, which remains a non-zero divisor on its completion E/ xﬁ contrary to our assumption on
P. Thus, Rp, is a DVR (by Proposition A) and Py =yR, for some y € R. Since Ris (still) flat over R, y is
a non-zerodivisor in R. It follows that P € Ass(R/yR) = Ass(R/P,R).

On the other hand, R/ PyR is reduced (by assumption). Thus
(R/P)p = (B/PyR)p = (R/yR)p

Therefore, Pp is principal, so ﬁp is a DVR.

Step 3. We prove the theorem by induction on the dimension of R.

Proof. Suppose R has dimension one and take 0 # x € R. Since R’ is finite over R, there exists k > 1 such
that 2" R' N R C 2" *R, for all n > k. Thus "R C z" *R, for all n > k. Since xR is m-primary, R is
analytically unramified by Rees’s theorem.

If R has dimension greater than one, then by induction, R/@ is analytically unramified for all non-zero
prime ideals @ C R. Fix 0 # = € R, and take P € Ass(R/z"R). By Steps 1 and 2, Rp is a DVR. By
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Proposition A, 2" R is integrally closed, for all n > 1. Since the nilradical of R is contained in the integral
closure of every ideal, the nilradical of R is contained in z" R for all n. Thus the nilradical of R is zero,
which completes the proof. |

We need one more component, of independent interest, before we can prove the main result of this section.
For this result, we will use the following fact about polynomial rings, whose proof we leave as an exercise.
Let A C B be commutative rings and f(z) € Bz]. Then f(z) is integral over A[z] if and only if each
coefficient of f(x) is integral over A. It follows that if A is an integrally closed integral domain, the A[z] is
also integrally closed.

Theorem 1. Suppose R satisfies Ny. Then the polynomial ring R[x] also satisfies Na.

Proof. Let K denote the quotient field of R and suppose L is a finite extension of K(z), the quotient field
of R[z]. Let S denote the integral closure of R[z] in L. Clearly, R'[z] C S. If S is a finite R'[z]-module,
then since R'[z] is a finite R[z]-module (R’ is finite over R), S will be a finite R[z]-module. Thus, we may
replace R by R’ and assume that R is integrally closed. Then R[z] is also integrally closed.

If R has characteristic zero, the proof is complete, by Theorem F. Suppose R has characteristic p > 0, i.e.,
Z, C R. We claim there exists a finite extension K’ of K, an exponent ¢ = p®, for some e, and + in the
algebraic closure of L such that L C K(x%,'y) and +y is separable over K’(x%).

Suppose the claim holds. Let Ry be the integral closure of R in K’. Then Rg[x] is the integral closure of
Rlz] in K'(z). Since Ry is finite over R, Ry[z] is finite over R[x]. If the integral closure of Ry[z] in K’(x% ,Y)
is finite over Rp[z], it is finite over R[x]. Thus, we may replace K’ by K and Ry by R and assume K = K.

So, let S denote the integral closure of R[z] in K (x%,’y). Let T denote the integral closure of R[x] in
K(x%) Since R[x%] is contained in K (x49), is integral over R[x], and is integrally closed (it’s a polynomial
ring over R), we have T = R[mé], which is a finite R[z]-module. On the other hand, by the Remark following
Theorem F, the integral closure of 1" in K(z%,’y), which is S, is a finite T-module. Thus, S is a finite
R[z]-module, as required.

It remains to prove the claim. For this, we first make an observation. Let E be a field of characteristic p > 0
and suppose [ is separable over E, with minimal polynomial f(y). If Eg O E is a field containing the gth roots
of the coefficients of f(y), then ﬁ% is separable over Eg. To see this, suppose fly) =y + ellyn’l + - +epn,

with each e; € E. If § is a root of f(y), then 87 is a root of fa) =y" +efy" P+ +ei. Since f(y) has
distinct roots, f,(y) has distinct roots, and hence 3 @ is separable over Ej.
To prove the claim, we can write K(z) C F C L, where F is separable over K(z) and L is purely

inseparable over F'. There exists § € F such that F' = K(z, ). Moreover, there exist ai,...,as € L and
q = p° such that of € K(x,f), for all i, and L = K(z, 3, 1,..., ;). Suppose

e @) L eal)
W=y @”

is the minimal polynomial of 5 over K (z). For each 1 < ¢ < s, we have an equation

a,i(x) an—1,i(¥) no1

ag:m.1+...+m.ﬁ ,
where the fractions in this equation belong to K (x). Let K’ be the field obtained by adjoining the gth roots
of the coefficients of all a; j(x),b; ;(z), ci(x),d;(z) to K. Set v = B. Then L C K’(a?%ﬁ) and K’ is a
finite extension of K. By the observation above, v is separable over K’ (x%) The proof of Theorem I is now
complete. 0

We are now ready to prove the main result of this section.
Theorem J. Suppose R is a Nagata ring and T is a finitely generated R-algebra. Then T is a Nagata ring.

Proof. By induction on the number of ring generators of T over R, we may assume that T = R[x], for

some ¢ € T. Let Q C T be a prime ideal. We must show that T/Q satisfies Na. Set ¢ := Q N R. Then

T/Q = R/q[Z], where T denotes the image of x in T/Q. Since R/q is a Nagata ring, upon changing notation
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we are reduced to proving the following statement. If R is a Nagata ring and T is an integral domain
generated as a ring over R by a single element z, then T satisfies V5.

If x is algebraically independent over R, then we are done by the previous theorem.

Suppose x is algebraic over R. If x is integral over R, then T is a Nagata ring, by Comment 5 above.
Otherwise, there exists a € R such that ax is integral over R. Thus the ring A := R[az] is a Nagata ring, by
Comment 5 above. Moreover, A and T have the same quotient field and T' = A[z]. Thus, we may replace A
by R and begin again assuming T' = R[z]| with, € K, the quotient filed of R.

Let L be a finite extension of K (the quotient field of R and T'), write R for the integral closure of R in L
and S for the integral closure of T'in L. Then R is an integrally closed Nagata ring, R and R[z] have the
same quotient field and R[z] is finite over T', since R is finite over R. Moreover, S = R[z]'. If we show R[z]’
is finite over R[x], then S will be finite over T, which is what we want. But now, R is integrally closed, and
by Theorem H, R is locally analytically unramified. Thus R[z]’ is finite over R[z] by Corollary E. O

We now easily recover the geometric case.

Corollary K. Let k£ be a field and R a finitely generated k-algebra. Then R is a Nagata ring. In particular,
the integral closure of R in a finite extension of its quotient field is a finite R-module.

Proof. k is a Nagata ring!

2. KRULL DOMAINS AND THE MORI-NAGATA THEOREM

The purpose of this part of the course is to address the degree to which the integral closure of a Noetherian
domain fails to be Noetherian. In the previous section, we saw that Nagata’s example shows that the integral
closure of a one-dimensional Noetherian domain R need not be a finite R-module. It is, however, a Noetherian
ring. This will follow from the results below. As mentioned above, the integral closure of a two-dimensional
Noetherian domain is again Noetherian, but this fails for Noetherian domains of dimension greater than two.
This failure is mitigated by the fact that the integral closure is Noetherian-like in codimension one. This is
made precise by saying that the integral closure of a Noetherian domain is a Krull domain, a fact known
as the Mori-Nagata theorem. Therefore, the purpose of this part of the course is to prove the Mori-Nagata
theorem.

Definition. Let S be an integral domain with quotient field L. We say that S is a Krull domain if the
following conditions hold.

(i) Each nonzero element of S is contained in only finitely many height one primes.
(ii) Sq is a DVR, for all height one primes @ C S.
(iii) S = mheight(Q):l Sq.

There are a number of ways that a Krull domain behaves like an integrally closed Noetherian domain in
codimension one. We illustrate a few of these ways in the proposition below.

Proposition A2. The following properties hold.

(a) A Krull domain is integrally closed.

(b) An integrally closed Noetherian domain is a Krull domain.

(¢) A Krull domain satisfies the ascending chain condition on principal ideals.

(d) If S is a Krull domain, 0 # a € S, and Q1, ..., @, are the height one prime ideals containing a.S, then
there exist ey, ..., e, > 1 such that aS = Qgel) N---N QS-E’“) is an irredundant primary decomposition
of aS.

(e) If S is a Krull domain and @ C S is a height one prime, then for any non-zero a € @, there exists
be S with Q = (aS : b).

Proof. Tt is easy to see that an intersection of integrally closed integral domains is integrally closed. Thus (a)

follows from (ii) and (iii) in the definition of Krull domain. For (b), Let R be an integrally closed Noetherian

domain. Condition (i) holds in R since R is Noetherain, and the height one primes containing a principal

ideal aR must be minimal over aR. Condition (ii) holds by Corollary B, since a prime minimal over an ideal

is an associated prime of the ideal. Condition (iii) follows from the fact that R = (\pcp(p) f2p, where P(R)
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is the set of prime ideals associated to a non-zero principal ideal, and in case R is integrally closed, P(R) is
just the set of height one prime ideals.

For part (c¢), let a1.5 C a2S C -+ be an ascending chain of principal ideals. Let Q be a height one prime
not containing a;S. Then a1Sg = S, and thus a,S¢ = Sg for all n. Hence a15¢ = a,S¢ for all n. Now
let X be the finite set of height one primes containing a,.S. Take Q € X. Then since Sg is a DVR, there
exists r, depending on @, such that a,Sq = a,Sq, for all n > r. Since there are only finitely many primes
in X, we can take ng the maximum of the r’s we just found. It follows that a,,Sqg = a,S¢, for all n > ny
and all height one primes Q C S. This means ;To € Sg for all height one primes @, and so by property (iii)
in the definition of Krull domain aaTnO € S, for all n > ng. Thus a, € an,S for all n > ng and therefore the

given ascending chain stabilizes at ng.

For part (d), first recall that if @ is a prime ideal in a commutative ring A, then we define the n'®
symbolic power of @) to be the ideal @™ Ag N A. Since Q" Ag is Qg-primary, Q™ is Q-primary. Now fix
a non-zero element a € S and let 1,...,Q, be the height one prime ideals containing a. Let 7; be the
uniformizing parameter for the DVR Sg, i.e., m;Sq, = Q:S5¢q,, for all i. Then, there exist ey, ..., e, such
that aSo, = 7' Sg, = Q%' Sg,, for all i. Thus, aS € Q' N---NQY). Now let z € Q" N---N QL. Then
x € aSq, for all i. Let () be a height one prime not containing a. Then aSg = Sg, and hence x € aSq. Thus
x € aSg, for all height one primes @) in S. In other words, £ € mheight(Q):l Sq = 5. Thus, x € a8, which

shows Qgel) N---NQ¥) C a8, which is what we want. Finally, the intersection is irredundant, since the
nilradicals of the @Q; are distinct. So for instance, if aS = QgeQ) Nn---N Q&‘”), then QéeQ) Nn---N Q&‘”‘) C Q1.
But then some Qgei) C @1 which implies @); C @1, a contradiction.

For part (e), Let @ C S be a height one prime and 0 # a € Q. Take a primary decomposition of aS
as in part (d), and assume Q = @;. By prime avoidance, we can find b* € QéQ) N---N aneT)\Q. Take
bo € QL=I\Q© and set b := b*by. If ¢ € @, then cby € Q(®), and thus cb € aS. On the other hand,
if ¢b € aS C Q®, then cby € Q©), by the choice of b*. Thus, cby € m°Sq, where m1Sg = QQSq. Since
by € T 1Sg, we have ¢ € 7Sg NS = @, which is what we want. Thus, Q = (aS : b). a

Remark. Maintain the notation from part (d) in the Proposition above. Then for the given a € S as in
(d), for all n > 1, a™Sg, = 1, Sq,. Thus, arguing as before, it follows that a"S = Qg”el) N---N Q&”er) is
an irredundant primary decomposition of a™R, for all n > 1. Here we are using the fact that aS and a™S
are contained in exactly the same set of height one prime ideals.

Examples. (a) Any UFD is easily seen to be a Krull domain. Thus, for example, if k is a field, the
polynomial ring in countably many variables over k is a non-Noetherian UFD, and hence a non-Noetherian
Krull domain.

(b) If R is a Krull domain, then a polynomial ring in countable many variables over R is a Krull domain.
Thus if R = Klz,y, z,w]/(zy — zw), then adjoining countably many variables yields a non-Noetherian Krull
domain that is not a UFD.

The following technical proposition due to J. Nishimura has a number of applications, including the lovely
theorem which follows it

Proposition B2. Let S be a Krull domain and Q C S a height one prime ideal. Then, for allmn > 1, the
S-module Q™ /Q" 1) embeds into S/Q.

Proof. By part (d) of Proposition A2, we can write @ = (aS : b), for a,b € S. If we take a primary
decomposition

asS =Qn Qg@) AN Qger)’
the proof of part (d) shows that we can assume b € QN Qge2) n---N QSET). We claim that if € Q™
then z € (¢S : b™). Thus, x - 2—; es.
To see the claim, take s € S\Q such that sz € Q". Then szb™ € a™S. Since Q™) is the Q-primary

component of a™S and s € Q, zb™ € Q(¢™. On the other hand, b" € anez) n---N anne"), so zb™ € a™S.
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We thus have an S-module map Q™ 3 § — S/Q. Call this map ¢. We need to show that if 2 € Q™)
then ¢(z) € Q if and only if z € Q). If so, then ¢ induces an injective map from Q™ /Q™*Y into S/Q,
as required.

Take z € Q™ and assume 7 € Q satisfies mSq = QSg. Suppose ¢(z) € Q. Then zb™ € Qa™. Therefore,
xb" € Ta™Sq. But in Sg, b = ur®"! and a € 7¢Sg, where u € Sg is a unit. Thus z7™(¢~ D € 716, Tt
follows that = € 7155 NS = Q1. Conversely, suppose € Q"+ Then there exists s € S\Q such
that sz € Q"!. Then szb™ € a"Q. Therefore, s(x - Z—:) € Q. In other words, s- ¢(z) € Q. But ¢(z) € S
and s € @, so ¢(z) € @, which is what we want. O

Theorem C2. (Nishimura) Let S be a Krull domain. If S/Q is Noetherian for all height one primes Q C S,
then S is Noetherian.

Proof. Let I C S be an ideal and take a non-zero a € I. It suffices to show that I/aS is a finitely generated

S-module. Take the primary composition aS = Qgel) N---N Q&er) as above, where the @); are the height one
primes containing a. Then, on the one hand,

S/aS < S/Qf & @ S/QL,
so it suffices to show that S/Q\*) @ --- @ S/Q\") is a Noetherian S-module.

On the other hand, given any height one prime Q C S, our assumption on () and Proposition B2 show
that Q("_l)/Q(") is a Noetherian S/@Q-module, and hence a Noetherian S-module, for all n > 1 (since Q
annihilates Q(—1) / Q(")). Thus, induction on n and the short exact sequences

0= QU /Q™ — /Q™ — Q"D — 0

show that each S/Q(™ is a Noetherian S-module. Therefore, S/Qﬁ‘”) DD S/Q&er) is a Noetherian
S-module, which completes the proof. |

We will need several preliminary results before giving the proof of the Mori-Nagata theorem. We start
with the theorem of Matijevic, which generalizes the Krul-Akizuki theorem. For this result we need the
notion of the global transform of a Noetherian ring.

Definition. Let R be a Noetherian ring with total quotient ring K. The global transform of R is the set
T of elements € K such that (R : ) has the property that R/(R : x) is Artinian, i.e., R/(R : z) is
zero-dimensional. Equivalently, T consists of the set of elements x € K such that (R : z) contains a product
of maximal ideals.

Remarks. 1. It is easy to check that T is a subring of K containing R. In fact, if x,y € T, Jr C R,
Iy C R, and I, J each contain a product of (possibly different) maximal ideals, then JI contains a product
of maximal ideals and JIzy C R. Thus, zy € T. The proof that z 4+ y € T is similar.

2. If R has dimension one, then K is the global transform of R. Indeed, if x = ¢ € K, then b € (R : z).
Since b is a non-zerodivisor, dim(R/bR) = 0. Thus, dim(R/(R: z)) = 0.

3. Suppose (R, m, k) is a local ring. Then the global transform is the set of elements z € K such that there
exists n > 1 with m™ - x C R. This is the so-called ideal transform of m.

4. More generally, if I C R is an ideal, T'(I), the ideal transform of I, is the set of elements x € K such
that I"x C R, for some n > 1. Note that if { belongs to the ideal transform of I, then I"a C bR, for some
n, which means I consists of zerodivisors modulo bR. Hence grade(I) = 1. In general, assuming T(I) # R,
then T'(I) need not be finite or integral over R, and in particular, it need not be a Noetherian ring. Ideal
transforms played a central role in Nagata’s construction of a counter-example to Hilbert’s 14th problem,
which asked whether or not rings of invariants of certain (infinite) linear groups acting on a polynomial ring
klz1,...,x,] were finitely generated k-algebras.

5. Let I C R be a grade one ideal. We can write I = (z1,...,2,), with each x); a non-zerodivisor. Then
T(I) = Ry, N---N Ry, . To see this, if v € T(I), then there exists n > 1 such that «? - u € R, for all 4, so
u € Ry,, for all 5. Conversely, if u € Ry, N---N R, , then taking n large enough, we have z7' - u € R, for all
i. Choosing ¢ >> n, shows that I"u C R, so that u € T(I).
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Here is Matijevic’s Theorem.

Theorem D2. Let R be a Noetherian ring with total quotient ring K and write T for the global transform
of R. Then for any ring R C A C T and non-zerodivisor x € R, A/xA is a finite R-module. In particular,
A/zA is a Noetherian ring.

Proof. The second statement follows immediately from the first statement. For the first statement, it suffices
to show that A C Rz~" + x A, for some n > 1. For then, as R-submodules of K, we have

A/xAC (Rx™" +xA)/x A= Rx™"/(Rx™" NzA),

so that A/zA is a submodule of a cyclic module. Fix a € A. We first show there exists & > 1 such that
a € Rr=F+xA. Let J:= (R :a), so that R/J is Artinian. Then the images of the ideals (z") in R/J form a
descending sequence, which ultimately stabilizes. Thus, there exists & > 1 such that (z*) +.J = (2F+1) + J.
Write zF = ra®t! 4 j, for some r € R, j € J. Multiplying by a gives az® = araz**t' + aj, and hence
a=arr+ajr " But aj € R, so a € Az + Rx~", as required.

Now consider the module (zA N R)/zR. On the one hand, it is generated by the images in R/xR of
finitely many elements of the form a;x. On the other hand, there is a product J of maximal ideal such that
Ja; € R, for all i. Thus, (zA N R)/zR is a finitely generated module annihilated by a zero-dimensional
ideal, and must therefore have finite length, i.e., (tAN R)/Rx is Artinian. Thus, the descending sequence of
submodules (z" AN R, Rx)/Rx stabilizes. Thus, in R, the descending sequence of ideals I}, = (z" AN R, zR)
stabilizes, at say, h = n. We claim A C Rz~ " 4+ zA.

Suppose a € A does no belong to " R+xA. From the first paragraph, there exists k with a € Rz =% +zA.
Note k > n. Choose k minimal with this property and write a = r2 =% + za’, where r € R and o’ € A. Then
az® = r+x*+1a/. Then z*(a—za’) = r € I}, = Iy, 1. Thus, we can write 2*(a—za’) = 2**1a” +1'z. Dividing
by ¥, we have a — za’ = za” + 'z~ Thus, a = x(a” — a') + r'2=%*!. This means, a € Rx~**! + 24,
contradicting the choice of k. Therefore, A C Rx™"™ + z A, as required. (]

Corollary E2. Let R be a Noetherian domain with global transform T. Then any ring R C A C T is
Noetherian.

Proof. Let I C A be a non-zero ideal. Take 0 # x € I N R. Then A/xzA is Noetherian, so I/zA is finitely
generated. Thus, [ is finitely generated. O

Corollary F2 (Krull-Akizuki.) Let R be a one-dimensional Noetherian domain with quotient field K.
Let L be a finite field extension of K. Then any ring R C A C L is Noetherian. Moreover, for any prime
ideal (necesarily a mazimal ideal) Q C A and P=QNR, [A/Q : R/P] < .

Proof. For the first statement, since L is finite over K, there exists a finite R-module R C Ry C A such that
Ry has quotient field L. Hence Ry is a one-dimensional Noetherian domain and A is contained in the global
transform of Ry, so A is Noetherian by the previous corollary.

For the second statement, take a non-zero element x € P. Then A/xA is a finite Ag-module. It follows
that A/Q is finite over A and hence finite over A/Qq, for Qo := Q N Ag. Since Ay is finite over R, Ay/Qo is
finite over R/P. Since [A/Q : R/P] =[A/Q : Ay/Qo] - [Ao : R/P)], the proof is complete. O

The following corollary of the Krull-Akizuki theorem is very useful and plays a central role in the theory
of the integral closure of ideals in Noetherian rings.

Corollary G2. Let R be a Noetherian domain with quotient field K. Given a non-zero prime ideal P C R,
there exists a DVR (V,my) with my N R = P.

Proof. Without loss of generality, we may localize at P and assume it is the unique maximal ideal of R.
Suppose P = (aq,...,a,)R and set T := R[Z—f, RN Zl] Note PT = a;T. Let @Q C T be a height one prime
containing a;T. Then Q N R = P. T is a one-dimensional local domain, so by the Krull-Akizuki theorem,
T, is Noetherian. Take a maximal ideal m C T¢, lying over QTg. Then V = (Tj))n is a DVR and its

maximal ideal my has the property that my NT = Q. Thus, my N R = P, as required.

Remark. Corollary E2 holds if R is just a reduced Noetherian ring with total quotient ring K. Take

R C ACT. Since K is a localization of R, it is not difficult to see that A has finitely many minimal primes,

say Q1,...,Q, and they are all of the form QK N A, for Q a minimal prime of R. Let Q; C A be a minimal
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prime. Then @; N R is a minimal prime. The ring A/Q; lies between R/(Q; N R) and its global transform,
and thus A/Q; is Noetherian. As such, it is also a Noetherian A-module, since the action of A on A/Q); is
the same as the action of A/Q; on itself. Since A — A/Q; ®--- ® A/Q., it follows that A is a Noetherian
A-module, and hence a Noetherian ring.

We want to present one more application of Matijevic’s theorem that applies to ideal transforms - even
though it is not related to the Mori-Nagata theorem. This result shows that for local rings (R, m) with well
behaved completions, the transform 7T'(m) is a finite R-module. In some sense, this is not saying too much,
because if R has depth greater than one, T'(m) = R. For this result we need the lemma below and the
following standard fact we leave as an exercise. If (R, m) is a complete local ring, then R is complete in the
I-adic topology, for any ideal I C R. We note that the condition on the completion of R in Theorem 12 will
always hold for a local ring from algebraic geometry that is reduced and equidimensional, e.g., an integral
domain.

Lemma H2. Let (R,m) be a local ring. Then T(m) is a finite T-module if and only if T(mﬁ) is a finite
R-module.

Proof. By Remark 5 after the definition of the global transform, T'(m) = R, N--- N R, . Therefore,
T(m)®R=Ry, N---NR, ® R=R,, N---NR,, =T(mR),

since tensoring with a faithfully flat extension distributes over a finite intersection. Thus, T(m}A‘Z) =T(m) ®R.
By faithful flatness, T'(m) is finite over R if and only if T(mR) is finite over R. O

Theorem 12. Let (R, m) be a local ring with positive depth. Then T(m) is a finite R-module if and only if
there does not exist z € Ass(R) with dim(R/z) = 1.

Proof. By the previous lemma, we may assume R is complete. Suppose T is not finite over R and take
x € R be a non-zerodivisor. By Matijevic’s theorem, T'/zT is finite over R. Thus, it must be the case that
Nn>12™T # 0. Let a € R be a not-zero element in (1, -, "T. Then % € T, for all n > 1. Thus, for each
n > 1, there exists s(n) > 1 with m*(™). % C R. In other words, ms(n) C ("R : a), for all n. However, there
exists k > 1 such that (2" : a) C (0: a) + 2" ¥R, for n > k (a consequence of Artin-Rees). If z € Ass(R)
contains (0 : a), and n = k + 1, we have m*™) C x + zR. Thus, m is minimal over 2 + zR, so dim(R/z) = 1,
by Krull’s principal ideal theorem.

Conversely, suppose dim(R/z) = 1, for (0 : a) = z € Ass(R). Take € R a non-zerodivisor. Then for
all n > 1, there exists s(n) such that m*™ C "R + (0 : a). Therefore, m*™a C ", for all n, and thus
L €T(m), foralln > 1. But then R-2 C R- % C --- is a strictly increasing chain of submodules of 7'(m).
Therefore, T'(m) is not finite over R. O

The following corollary is for those who are familiar with local cohomology.

Corollary J2. Let (R, m) be a local ring having depth one. Thus H-(R) # 0. Then HL(R) is finite if and
only if if there does not exist z € Ass(R) with dim(R/z) = 1.

Proof. Set K to be the total quotient ring of R. Note that mK = K, so H. (K) = 0 for all i. The short
exact sequence 0 - R — K — K/R — 0 gives rise to the long exact sequence in cohomology

o= H)(K) = H)(K/R) = Hy(R) — Hy(K) — -+,
Since HY (K) = HL (K) = 0, we have that HJ (K /R) is isomorphic to HL (R). But H) (K /R) is just T'(m)/R.
Thus, HL (R) is a finite R-module if and only if 7(m)/R is a finite R-module. But this latter module is finite
over R if and only if 7'(m) is finite over R. Thus, Theorem 12 implies that H} (R) is a finite R-module if and
only if there does not exist z € Ass(R) with dim(R/z) = 1, which completes the proof. O

We now turn our attention to the Mori-Nagata Theorem. The proof is based upon ideas of Nagata, Rees,
Querre, and McAdam. The original proof due to Nagata used the Cohen structure theorem and properties
of completions; in particular, the fact that a complete local domain is finite over a complete regular local
ring. More modern treatments, like the one below, avoid the use of completions.

The following is our first lemma. A crucial point in Nagata’s proof of the Mori-Nagata theorem was that
height one primes in the integral closure of a Noetherian domain R contract to grade one primes in R. His
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original proof was difficult and required passage to the completion. McAdam gave an elementary proof of
this fact. In the lemma below, we adjust McAdam’s argument so that it applies to primes in the integral
closure minimal over colon ideals. This gives us considerably more mileage. Of course, after the fact, such
primes are indeed height one primes.

Lemma K2. Let R be a Noetherian domain with integral closure S. Take a,b € R, assume that Q@ C S is
minimal prime over (aS :g5 b) and set P := QN R. Then P is an associated prime of R/aR.

Proof. We may assume R is local at P. Since @ is minimal over (a :g b)S, for all ¢ € Q, there exists s € S\Q
such that s - ¢"b € aS, for some h. If we do this for the finitely many generators of P, it follows that there
exists s € S\@, t > 1 and a ring R C Ry C S, such that P! - sb C aR’ and Ry is a finite R-module. Thus,
for all n > 1, P" . s"b" C a"Ry. Let 0 # ¢ € R satisfy ¢- Ry C R. Then, P™ - (¢s"b") C a"R, for all n.
If cs™b™ € a™R, for all n, then R[22] C R- 1. This implies that £2 € S, which implies s € (aS :5b) C Q, a
contradiction. Thus, for some n, cs™b"™ ¢ a™R. Therefore, P™ consists of zero divisors modulo a™R. Since
P is maximal, it follows that P € Ass(R/a™R), and hence P € Ass(R/aR), which gives what we want. [J

Lemma L2. Let R be a Noetherian domain and set A := SNT, where T is the global transform of R and S
is the integral closure of R. If P C A is a mazximal ideal and P is an associated prime of a principal ideal,
then Ap is a DVR.

Proof. Suppose P = (aA : b) is maximal. If m := RN P, then m is maximal (since A is integral over R)
and m(b/a) is contained in A C T, so Jm(b/a) € T, for J C R a product of maximal ideals. Thus, b/a € T
Now, either P- P~! = P or P- P~! = A. In the first case, we get P -b/a C P, which would implies b/a is
integral over R and thus b/a € S. But then b/a € A, contradiction. Thus, P is invertible, so Pp is principal.
i.e., Ap is a DVR. O

Corollary M2. Let R be a Noetherian domain with integral closure S. Let a,b € R and suppose that Q C S
is a prime ideal minimal over (aS :s b). Set P:= QN R. Then Q has height one and there are only finitely
many height one prime ideals Q := Q1,...,Qn in S lying over P. Morover, for any 1 <1 < h, Sg, is a
DVR.

Proof. We may assume that R is local at P. Let A be as in the Lemma E2. By the first lemma, applied

to the ring A, @ N A is associated to a principal ideal. Thus, by Lemma E2, Agna is a DVR. It follows

that Agna = Sg. In particular, @) has height one. Now the same argument applies to any height one

prime in S lying over P. Thus, these all contract to distinct primes in A containing PA. Moreover, since

each contraction to A is minimal over PA (by lying over), these contractions are finite in number since A is

Noetherian. Thus, only finitely many height one primes in S contract to P. ]
We now state and prove the Mori-Nagata theorem :

Theorem N2. Let R be a Noetherian integral domain with quotient field K and let L be a finite algebraic
extension of K. Write S for the integral closure of R in L. Then :

(1) S is a Krull domain.
(2) For every prime ideal P C R, there are only finitely many primes @ C S lying over P. Moreover,
for any such @, [k(Q) : k(P)] < oo.

Proof. For (1), we first reduce to the case that K = L. Indeed, since L is finite over K, we may find a
subring Ry of S with the following properties : R’ is finite over R and Ry has quotient field L. Thus, S is
the integral closure of Ry. Changing notation, we may start again, assuming simply that S is the integral
cosure of R.

We now check off the properties required in verifying that S is a Krull domain. First, let @ C S be a
height one prime ideal. Take 0 # a € @ N R. Then @ is minimal over (a :g 1), so by Corollary C, Sg is a
DVR.

Second, let 0 # s € S. If we show that some multiple of s is contained in only finitely many height one
primes in S, then the same holds for s. Thus, we take a € R, any non-zero multiple of s in R. If Q) is a height
one prime containing a, then by Lemma D2, P := Q N R is an associated prime of R/aR. By Corollary F2
only finitely many height one primes in S lie over P. Since R/aR has only finitely many associated primes,
there can only be finitely many height one primes containing aS.
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Finally, suppose that x € [ Sg, where the intersection ranges over the height one primes of S. We can
write « := b/a, for b,a € R. If x is not in S, then (aS :g b) is a proper ideal. Let ) be a minimal prime over
(aS :g b). By Corollary F2, @ has height one. But = € Sg, contradiction. Thus, S is the intersection of its
localizations at height one primes. So, S is a Krull domain.

For statement (2) in the theorem, let P C R be a prime ideal. We may assume R is local at P. Let Q C S
lie over P. We first show by induction on the height of P that [k(Q) : k(P)] < co. When P has height
one, R has dimension one, so we can apply Krull-Akizuki. Suppose the height of P is greater than one. If
@ has height one, we let A be as before. As in Corollary F2, Agna = Sg, so k(Q) = k(Q N A). But now,
if a is any non-zero element in P, A/aA is finite over R, so A/Q N A is finite over R/P, which then gives
[k(QNA): k(P)] < co. Suppose @ has height greater than one. Then we take Q" properly contained in Q
and P’ := @' N R. By induction applied to P’, the quotient field of S/Q’ is finite over the quotient field of
R/P’. Thus, induction applied to P/P’ shows that [k(Q/Q’) : k(P/P’)] < oo. But, k&(Q/Q’) = k(Q) and
k(P/P") = k(P), so, [k(Q) : k(P)] < oc.

Finally, for P as in the preceding paragraph, we show that there are only finitely many primes ¢Q C S
lying over P. First note that by Corollary 2F, there are only finitely many height one primes in S lying
over P. This also completes the proof if the height of P is one, since any prime (Q lying over a height one
prime has height one. Now, let 0 # a belong to P. On the one hand, since S is a Krull domain, there are
only finitely many minimal primes in S, all of height one, containing a.S. On the other hand, any prime
Q of height greater than one which contracts to P must contain one of these minimal primes. Let Q" be
a height one prime containing aS and set P’ := Q' N R. By the preceding paragraph, the quotient field of
S/Q’ is finite over the quotient field of R/P’. Thus, by induction on the height of P, in the integral closure
So of R/P' in k(Q'), there are only finitely many primes lying over P/P’. Tt follows that S/Q’ contains only
finitely many primes lying over P/P’ (since any such prime lifts to a prime in Sy lying over P/P" ). Thus,
there are only finitely many primes in S containing @’ lying over P. Since this holds for each of the finitely
many minimal primes of a5, we conclude that there are also only finitely many primes of height greater than
one in S lying over P. This completes the proof of the Mori-Nagata theorem. O

As applications of the Mori-Nagata theorem, we will prove that the integral closure of a two-dimensional
Noetherian domain is Noetherian and that a complete local domain satisfies No.

Theorem O2. Let R be a two-dimensonal Noetherian domain with quotient field K. Let S be the integral
closure of R in a finite extension of its quotient field. Then S is Noetherian.

Proof. By the Mori-Nagata theorem, S is a Krull domain, so by Nishimura’ s theorem (Theorem C2),
it suffices to prove that S/Q is Noetherian for all height one primes @ C S. Take such a prime and set
P = @QNR. Note that R/P is a one-dimensional Noetherian domain with quotient field k(P). By the second
part of the Mori-Nagata theorem, [k(Q) : k(P)] is finite. Since R/P C S/Q C k(Q), S/Q is Noetherian, by
the Krull-Akizuki theorem, and the proof is complete. O

The standard proof of the next theorem appeals to the Cohen Structure Theorem. The proof below avoids
the use of Cohen’ s Structure Theorem, and is modeled on the proof of Nishimura’ s Theorem C2.

Theorem P2. Let (R, m) be a complete local domain with quotient field K. Let L be a finite extension of K
and S be the integral closure of R in L. The S is a finitely generated R-module. In other words, R satisfies
the Nagata condition Ns.

Proof. We will use the fact that if M is an R module and M satisfies the two conditions: (i) M/PM is finite
over R and (ii) (), m"M =0, then M is finite over R.

Now, we induct on the dimension of R. Suppose R has dimension one and let a be any non-zero element
in m. Then by the Krull-Akizuki theorem (or Matijevic’s theorem), S/aS is finite over R. Thus, S/mS is
finite over R. On the other hand, S is a Noetherian domain, so (),,~,; m™S = 0. Thus, S is a finite R-module.

Suppose that R has dimension greater than one. Let Q C S be a height one prime. Then by the Mori-
Nagata theorem, [k(Q) : k(QNR)] < oo, so by induction applied to the complete local domain R/QNR, S/Q
is a finite R/QN R-module, and thus is finite over R. By Nishimura’s Proposion B2, Q™ /Q("*+1) is finite over
R for all n. Thus, induction applied to the exact sequences 0 — Q) /Q"+1) — §/Q+D) — §/Q™ — 0
shows that S/Q(™ is finite over R, for all n > 1.
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Now, let a be any non-zero element of m. Since S is a Krull domain, aS has a primary decomposition
aS = Qg"l) n---N anh), where the Q; are height one primes in S and each ny > 1. Since S/aS embeds into
S/ @@ S/Q;th), it follows that S/aS is finite over R. Thus, S/mS is finite over R.

Finally, to see that (,,~; m"S =0, let Ry C S be finite over R and birational to S and take P a prime (in
fact, its the only one) lying over m. Then there exists a DVR (V,my) in L with Ry €V and my N R’ = P'.
Since V' is integrally closed, S C V. Thus, m"S C m{,, for all n. Since (),-, m} = 0, it follows that
,,>1 m"™S = 0, which is what we want. Therefore, S is finite over R. - O

3. QUASI-UNMIXEDNESS AND RATLIFF’S THEOREM

The purpose of this section is to study quasi-unmixed local rings with the goal of proving a fundamental
theorem due to Ratliiff, which gives equivalent conditions for a local ring (R, m) to be quasi-unmixed. Recall
that R is said to be quasi-unmized or formally equi-dimensional if dim(ﬁ/q) = dim(ﬁ), for all minimal
primes q C R. Here is Ratliff’s Theorem, stated for integral domains.

Theorem A3. Let (R, m) be a local integral domain. The following statements are equivalent.
(i) R is quasi-unmixed.
(ii) R is universally catenary.
(iii) R satisfies the dimension formula.

To address the other conditions in Ratliff’s theorem, we need a few definitions.

Definition. Let S be a Noetherian ring.

(i) S is catenary if for all pairs of primes P C @) C S, all saturated chains of prime ideals between P and Q
have the same length.

(ii) S is universally catenary if every finitely generated S-algebra is catenary.

(iii) If S is an integral domain, then S satisfies the dimension formula if for every finitely generated S-algebra
T and prime ideal Q C T, we have:

height(Q) + tr.degyong)k(Q) = height(Q N S) + tr.deggT.
Several remarks are in order.

Remarks. (i) The conditions in Ratliff’s theorem are not equivalent if R is an arbitrary local ring - for trivial
reasons. For example, the ring k[[z,y, z]]/(x) N (y, z) is a complete local ring and therefore is universally
catenary, something we will see later in this section. On the other hand it is not equi-dimensional and since
it is complete, it is not quasi-unmixed. If we assume that R is equi-dimensional, then conditions (i) and (ii)
in Ratliff’s theorem are equivalent. But the proof of this equivalence easily reduces to the domain case.

(ii) It turns out that the rings from algebraic geometry are all universally catenary. In the late 1940s and early
1950s, it was not known whether or not Noetherian rings in general were catenary or universally catenary. In
the mid 1950s, Nagata gave an example of a Noetherian ring that was catenary, but not universally catenary.

(iii) If S C T an extension of Noetherian domains and T is a finitely generated algebra over S, then the
following dimension inequality always holds:

height(Q) + tr.degy,gng)k(Q) < height(Q N .S) + tr.deggT"

(iv) To invoke the dimension formula, one needs an extension of integral domains. One could make a
definition in the case that S is not a domain, by requiring that S/q satisfies the dimension formula for all
minimal primes ¢ C S. Again, in order to have conditions (i) and (iii) in Ratliff’s theorem equivalent, one
would have to require that S be equi-dimensional, and this case too reduces easily to the case that S is an
integral domain.

(v) It is not difficult to see that if S is a Noetherian domain, then the dimension formula holds between

S and S[z], the polynomial ring over S. To see this, note that tr.deggS[z] = 1. Take a prime @ C S[z]

and set P = @ N S. There are two cases to consider. If Q = PS[z], then height(P) = height(Q) and

S[z]/Q = S/ P[], and thus tr.degg, pS[z]/Q = 1. So the dimension formula holds between S and S(z]. If
14



Q # PSJxz], then height(Q) = 1+height(P) and S[x]/Q is algebraic over S/ P, so again, the required equality
holds. !

We now work towards a characterization of quasi-unmixed local rings obtained by studying asymptotic
sequences, an integral closure analogue of regular sequences. However, our first goal is to show that if I C R
is an ideal, then J,,~; Ass(R/I™) is finite. Throughout the remainder of this section, R denotes a Noetherian
ring. B

Lemma B3. Let S be a Noetherian ring and J C S be an ideal. Then for a € S, a € J if and only if for
all minimal primes q C S, the image of a in S/q belongs to (J + q)/q.

Proof. The forward direction is clear. Suppose the image of a in S/q belongs to m, for all minimal
primes ¢ C S. Then for each ¢ there is an n (depending on ¢) and equation of the form
a" 4+ j1a" "t 4 -+ 5, = 0 mod g,
where each j; € J*. Taking the product of these equations yields an equation of the form
a™+ j1a™ "t + -+ 4 =0 mod N,

where each j; € J i and N denotes the nilradical of S. Raising this last congruence to an appropriate power
shows a € J. |

Corollary C3. Let S be a Noetherian ring and J C S be an ideal. If P € Ass(S/J), then there is a minimal
prime ¢ C P with P/q € Ass S/J + q.

Proof. Without loss of generality, we assume S is local at P. Write P = (J : a), for some a ¢ J. Then,
by Lemma B2, a & (J + q)/q, for some minimal primes ¢ C S/q. Thus, P/q consists of zerodivisors mod
(J + ¢)/q, which gives what we want. O

Remark. The previous corollary works, even if J has height zero. If J is nilpotent, then A*(.J) is just the
set of minimal primes, so that ¢ = P and J both become zero modulo P, so the conclusion is trivially true.
If J is not nilpotent, then ¢ in the corollary is one of the minimal primes not containing J, and in R/q, the
image of J has height greater than zero.

The next crucial proposition is a nice application of the Mori-Nagata theorem and properties of Krull
domains.

Proposition D3. Let S be a Noetherian domain and 0 # a € S. Then P € Ass (S/a™)S for somen > 1
if and only if there exists a height one prime Q C S’ containing a such that QNS = P. In particular
U,>1 Ass (S/a™S) is a finite set.

Proof. The second statement follows immediately from the first. To prove the first statement, we may
assume R is local at P.

Suppose P € Ass (S/a™S) for some n > 1 and write P = (a™S : b), with b & a»S. Let Q1,...,Q, be the
height one primes in the Krull domain S’ containing a, and write a™S’ = C; N --- N C,., where each C; is
Q;-primary. Since a”S'NS = a"S, b & C;, some i. But Pb C a8’ C C;, so we must have P C Q;, since C;
is Q;-primary. Therefore Q; N.S = P.

The proof of the converse requires just minor tweaking of the proof of Lemma K2. Take a height one
prime @ C S’ containing a. Since @ is minimal over aS’, for all ¢ € @, there exists s € S’\@ such that
s-q" € a$', for some h. If we do this for the finitely many generators of P, it follows that there exists
s€8\Q,t>1and aring S C Sy C S, such that Pt.s C aSp and Sy is a finite S-module. Thus, for all
n>1, P".s" Ca"Sy. Let 0 # c € S satisfy ¢- Sy € S. Then, P™ - (cs™) C a™S C a"S, for all n.

If es™ € an§ for all n, then ¢ € a"Sy,, for all n, since s ¢ Q. But then c € ﬂn21 a"Sgp = 0, since Sg, is a

DVR. This is a contradiction. Thus ¢s™ ¢ a™S, for some n, which implies P € Ass (S/a™S), which is what
we want. 0

f Q # PS[z] = Plz], then in the ring obtained by localizing at P and modding out P, the image of Q in k(P)[x] is
just a maximal ideal generated by an irreducible polynomial in k(P)[z]. Therefore, modding out this image gives an algebraic
extension of k(P).
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Remark. Note that the last paragraph of the proof above shows that if S is a Noetherian domain and
0# a € S, then (1,5, a"S = 0. This is extended to arbitrary ideals below.

Corollary E3. Let S be a Noetherian ring and a € S be a non-zerodivisor. Then |, ~, Ass (S/anS) is
finite. -
Proof. Immediate from C3 and D3.

We need one more lemma before we can show that |, -, Ass(R/I™) is finite.

Lemma F3. Let I C R be an ideal and R := R[It,t71] denote the extended Rees aring of R with respect to
I. Then for allm > 1:

(i) I"=t""RNR.

(ii) The vth graded component of t—"R is (I¥ N I**?)¢Y, for all v.

Proof. For (i), take a € R. Suppose a € I"™. Then there exists an equation of the form
a® 4 ina® "t igna® 2 4 i, =0,

where each i, € I". Multiply this equation by t*" to get

) . [ _ . a _ .
(ﬁ)s + ’Lntn(ﬁ)s ! + ’Lgnt2n(ﬁ)3 2 + .+ antsn =0. (*)

This shows ;=5 is integral over R, so a € t~"R.

Conversely, if a € t7—"R N R, then 2 is integral over R. By comparing terms of the same degree in an

=
equation of integral dependence of ;2 over R, we may work backwards from an equation like (*) to show

acInr. |

The proof of (ii) is almost the same. Suppose ct”™ € t~R. Then clearly ¢ € I’. On the other hand,
f_% = ¢t is integral over R. Thus, there exists an equation of the form

(Cthrn)s + fl(cthrn)sfl N fs _ 0,
with f; € R. Taking the coefficient of ¢*(*"t?) in this equation gives
¢+ 4+ e =0,

where each j; € I'(**™) Thus, ¢ € I"Tv, which gives what we want. The proof of the converse is similar, [
Theorem G3. For any ideal I C R, |J, 5, Ass(R/I™) is finite.

Proof. Suppose P = (I" : ¢), for some n > 1 and ¢ ¢ I". Localize R at P. By the previous lemma, ¢ ¢ t—"R.
Thus P consists of zero divisors on R/t="R. It follows that PR C @, for some Q € Ass (R/t—"R). Thus,
QNR = P. By Corollary E3, |J,,~, Ass (R/t—"R) is finite. This forces | J,~, Ass (R/I") to be finite, which
is what we want. |
Remarks. (i) We denote the finite set of prime ideals in Theorem G3 by A*(I). Note that z € R is a
zerodivisor modulo I™ for some n if and only if z € P, for some P € A*(I).

(ii) The proof of the Theorem G3 can be adapted to show the following: If R C S are Noetherian rings, and
J C S is an ideal, then, if P € Ass R/(J N R), there exists € Ass S/J such that Q "R = P.

(iii) There is a stronger version of Theorem G3. Ratliff has shown that if height(I) > 0, then the sets

Ass R/T C AssR/I? C --- form an ascending chain. Since the union of these set is finite, this increasing
chain of sets must stabilize and we have that there exists an ng such that J,,~,; Ass R/I" = Ass R/I™.

(iv) The stronger statement in (iii) is an integral closure analogue of a theorem due to M. Brodmann who
showed that for all finitely generated R-modules M and ideals I C R, Ass (M/I™M) is stable for n sufficiently
large. However, the sets Ass (M/I™M) need not be an increasing set of prime ideals. When M = R, we will
denote this stable value A*(I). A theorem of Ratliff shows that A*(I) C A*(I).

Definition. A sequence of elements 1, ..., 2, € R is said to be an asymptotic sequence if for each 1 <14 <,
x; does not belong to any prime ideal in A*((x1,...,z;—1)R). In other words, for all 4, x; is not a zerodivisor
modulo (z1,...,z;—1)"R, for all n.
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Remarks. (i) Asymptotic sequences in the form above were defined independently Ratliff and D. Katz.
Earlier, Rees had defined the notion of an asymptotic sequence over I, for an ideal I contained in a local
ring. His definition was to assume that x; is not a zero divisor modulo (I, x;,...,z;—1)™R, for all n and all
i. Rees used this concept to improve an earlier inequality of Burch that related the analytic spread of an
ideal I C R to a difference between the dimension of R and the the depths of the modules R/I".

(ii) Ratliff and DK studied properties of asymptotic sequences, discarding the ideal I. They independently
proved (DK in his UT Austin PhD thesis) that a local ring is quasi-unmixed if and only if some (every)
system of parameters forms an asymptotic sequence. This theorem will be our next goal. Using this result
one can give a natural proof of Ratliff’s theorem, once one knows a little about how the dimension formula
is related to the universally catenary property.

(iii) A regular sequence is an asymptotic sequence, though this is not obvious from the definitions. However,
this is clear in the case of a single element, because x is the first element in a regular sequence if and only if
x is a non-zerodivisor, while x is is the first element in an asymptotic sequence if and only if height(zR) = 1,
since A*(0) is the set of minimal prime ideals of R.

Our immediate goal is to proof some basic properties about asymptotic sequences. The following theorem
is due to Ratliff and DK.

Theorem H3. Let (R,m) be a local ring and assume dim(R) > 0. Let z1,...,z, € R be a sequence of
elements. The following properties hold.

(i) z1,...,x, form an asymptotic sequence if and only if they form an asymptotic sequence in R.
(ii) x1,...,x, form an asymptotic sequence if and only if their images in R/q form an asymptotic sequnce
for all minimal primes g C R.
(iii) 1,...,=, form an asymptotic sequence if and only the images of z1,...,z, in 1/%/2 generate an ideal

of height r, for all minimal primes z C R.

(iv) Any permutation of an asymptotic sequence is an asymptotic sequence.

(v) The set of all maximal asymptotic sequences in R have the same length, which is equal to the
minimum of dim(ﬁ/ z), taken over all minimal primes z C R.

We will need a number of preliminary results in order to prove Theorem H3.

Proposition I3. Let R be a Noetherian ring and I C R and ideal. Let R denote the extended Rees ring of
R with respect to I. Then P € A*(I) if and only if there exists Q € A*(t"'R) such that QN R = P.

Proof. If P € A*(I), then the proof of Theorem G3 shows that there exists Q € A*(¢t"1R) such that
QNR = P. Conversely, suppose there exists Q € A*(¢t"'R) such that QN R = P. Without lost of generality
we may assume R is local at P. Since R is a graded ring, we can write @ = (¢:~"R : ct?), for some ct’ € R.
Since ct’ € t—"R, Lemma F3 gives ¢ ¢ I"tv. Note that this implies that n +v > 1, since the degree j
components of R equal R when j < 0. On the other hand, P C @, so in R we have P - ct™ C t="R, which
by Lemma F3 gives P-c¢ C I"+?. Since P is maximal, we have P € Ass (R/I"t?) C A*(I), as required. O

Lemma J3. "Let S be a Noetherian ring and J C S an ideal. Then ﬂn21ﬁ = Ny, where Ny is the
intersection of the minimal primes ¢ C R satisfying J + q # S. In particular, if J is contained in the

Jacobson radical of S, then ﬂn21 J7 = N, the nilradical of S.

Proof. Let us first assume the result holds when S is an integral domain. Let a € ﬂn21ﬁ. IfgC Sisa

minimal prime such that J 4 ¢ # S, then a € (,,~; (J™ + ¢)/q¢ = 0 mod ¢ by the domain case, and thus a
belongs to q. Conversely, if a € Ny, let q1, ..., q; denote the minimal primes of S for which .J+¢; = S. Note,
if there are no such primes, a € N, which clearly belongs to J7, for all n. Now, J*+¢; = S, for all n and all
i. Fix n. For each i, we can write 1+ j; = x;, with j; € J" and z; € ¢;. Thus b:= a(1+j1)--- (1+:) belongs
to the nilradical of S. Therefore b¢ = 0 for some ¢ > 1. But this gives an equation of integral dependence of
a on J", which shows a € J7, for all n.

Now suppose S is a Noetherian domain and J C S is a proper ideal. Let R denote the extended Rees ring
of S with respect to J. By Lemma F3, J» =t="R N S, for all n. On the other hand, the remark following
Proposition D3 shows [1),,~; t~"R = 0, which completes the proof. ]
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Proposition K3. Let S be a Noetherian ring, J C S an ideal with height(J) > 0 and ¢ C S a minimal
prime ideal. Suppose the prime ideal P is minimal over J + q. Then there exists n > 1 with the following
property: P € Ass (R/L) for all ideals J* C L C J™.

Proof. Standard properties of localization show that if n satisfies the conclusion of the proposition for Rp,
it also satisfies the conclusion for R. Thus, we may assume R is local at P. It follows that P® C J + ¢ for
some s. On the other hand, since ¢ is a minimal prime, there exists b &€ g such that bg® = 0, for some ¢ > 1.
Since b ¢ ¢, by the previous lemma, there exists n such that b ¢ J». Now P*¢ C J + ¢, so P*" C J" + ¢"°.
Thus, P*¢" -b C J" C L, for all L between J" and J". Since b ¢ J", P*°" consists of zero-divisors modulo
L. Since P is maximal, we have P € Ass (S/L), as required. O

The next proposition due to Ratliff plays an important role in our story.

Proposition L3. Let S be a Noetherian domain and 0 # a € S. Suppose S satisfies the dimension formula.
If P € A*(aS), then height(P) = 1.

Proof. By Proposition D3, there exists a height one prime @ C S’ such that QNS = P. Let Q,Qo,...,Q.
be the prime ideals in S’ lying over P and take u € Q\Q2 U --- U @Q,. Note that on the one hand, the
Mori-Ngata theorem guarantees that there are just finitely many primes in S’ lying over P, while on the
other hand, since S’ is integral over S, the primes lying over P are incomparable, so we may choose such a
u. Set Qo = Q N Sfu]. We claim height(Qy) = 1. Suppose the claim holds. Note Qo N R = P. Then since
Slu] is integral over S and thus k(Qp) is algebraic over k(P), the dimension formula applied to the extension
S[C S[u] shows that height(P) = 1, which is what we want.

For the claim, since u € Qq, the choice of u implies that @ is the only prime in S’ lying over Q, since
any such prime lies over P. If height(Qo) > 1, we take take Q' C Q. By the going up property, there are
primes Q. C Qg in S’ such that Q. N S[u] = Q" and Q4 N S[u] = Qo. But Q is the only prime in S’ lying
over Qo, so Q = Q4. But this contradicts height(Q) = 1. Thus, we must have height(Qo) = 1 and the proof
is complete. O

The proof of the next theorem requires the fact that a complete local domain satisfies the dimension
formula. We will eventually prove this fact below.

Theorem M3. Let (R,m) be a local ring and I C R an ideal. Then for a prime ideal P C R, P € A*(I)
if and only if there exists Q € A*(IR) such that QN R = P.

Proof. We first note that for any ideal J C R, JRNR=7. If this holds, then the forward direction of the

theorem follows from Remark (ii) following Theorem G3. Clearly J C J RNR. Conversely, suppose a € R
satisfies an equation of the form

a® + 10" e s,
where each j, € JYR. Thus, a® € (a*'J,a*2J%,...,J) RN R = (a*1J,a*"2J2,...,J°)R, by faithful

flatness. This last relation shows a € J.

For the converse, suppose Q € A(I R) and QN R P. Set R := R® R a faithfully flat extension
of R, and note that R is the extended Rees ring of R with respect to [ R. By proposition I3, there exists
Qo € Ass (R/t ”T\’,), for some n, with Qg N R= Q. By Corollary C3, there exists a minimal prime g C Qg
such that, if we write 7§q for 7?/ q, Qo/q € Ass(t:”ﬁq). Now, ﬁq is a finitely generated algebra over the
complete local domain R/(q N R). Since R/(¢ N R) satisfies the dimension formula, any finitely generated

algebra over it satisfies the dimension formula. Thus, ﬁq satisfies the dimension formula. Therefore, by
Proposition L3, height(Qo/q) = 1.

It follows that )y is minimal over IR + q. Thus, by Proposition K3, there exists an n > 1 such
that Qo € Ass (R/L), for all L between t~"R and t—"R. Thus, if we take L = (t—"R)R, we have
Qo € Ass (R/(t-"R)R). By faithful flatness Py := Qo N'R be longs to Ass (R/I—"R) C A*(t"'R). By
Proposition 13, Py N R € A*(I). Since P = Py N R, the proof is complete. O
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The proof of the following corollary has a similar strategy to that of the previous theorem. However, we
will use the theorem itself in the proof of the corollary. We will also use the following notation. If S is a ring
and ¢ C S, S, will denote S/q. If J C S is an ideal, we will use J; to denote the image of J in S/q.

Corollary N3. Let I C R be an ideal. For a prime ideal P C R, P € A*(I) if and only if there exists a
minimal prime ¢ C R with P, € A*(1,).

Proof. The forward direction follows from Corollary C3. For the reverse direction, suppose P, € A*(I,) for
some minimal prime ¢ C R. Without loss of generality we may assume R is local at P. By the theorem above,
we may lift P, to a prime belonging to P(Iq 7) since ﬁq is the completion of R,. Since P is the maximal
ideal of R, we get Pﬁq € A (I ﬁq). By Corollary C3, there exists a minimal prime g C R containing q}A% such
that P; € A*(I7). If the conclusion of Corollary I3 holds when R is complete, then we have PR e AX(I E),
and thus P € A*(I), by Theorem M3. Thus, we may begin again assuming (R, P) is a complete local ring.

To continue, we need to use the extended Rees ring of R, with respect to I,. It is straightforward to check
that this ring is just Ry, where ¢gx = qR][t, t~1NR, where R is the extended Rees ring of R with respect to
I. Thus by Proposition I3 there exists a prime Q' € A*(t71R.) such that Q' N R, = P,. But Q' = Qx, for
a prime € R, and ¢* C Q. Since R, satisfies the dimension formula, Q4. has height one, by Proposition
L3. Therefore, ) is minimal over t~'R + ¢x. By Proposition K3, Q € A*(t"'R). Thus, by Proposition I3,
P = QN R belongs to A*(I), as required. O

We need two more preliminary results before proving Theorem H3. The first will be presented as a remark.

Remark. We mentioned above that a complete local ring is catenary. Thus a complete local domain is a
catenary domain. In such a ring, say (R, m), if I is a height r ideal generated by r elements x4, ..., z,, then
for all 1 <t < r, the ideal generated by x1,...x; has height ¢. To see this, since the sequence z1,...,z, can
be completed to a system of parameters for R, dimR/(x1,...,2;)R = d — t, where d := dim(R). Let Q be
a prime minimal over (z1,...,z;)R and suppose height(Q) < ¢t. Since dim(R/Q) < d — t, it follows that a
saturated chain of primes from (0) to m that passes through @ has length less that d. This contradicts that
R is catenary. Therefore height(Q) > t. By Krull’s principal ideal theorem height(Q) < ¢. Therefore, @) has
height r, which shows (x1,...,z¢)R, has height t.

The following Proposition is due to Ratliff.

Proposition O3. Let R be a Noetherian domain satisfying the dimension formula and I C R an ideal. If
P e A*(I), then height(P) < u(Ip), where u(Ip) denote the minimal number of elements generating Ip.

Proof. We may assume R is local at P. Write I = (aq,...,aq)R. Let R denote the extended Rees ring of
R with respect to I. Note that R is generated as an R-algebra by d 4 1 elements. Now, by Proposition 13,
there exists @Q € A*(t~'R) such that Q N R = P. Since R satisfies the dimension formula, R does as well,
so by Proposition L3 height(Q) = 1. We have

height(Q) + tr.degy pyk(Q) = height(P) + 1.

Since t7! € Q, R/Q is generated as an algebra over R/P by no more than d elements. Thus, the transcen-
dence degree of this extension is at most d. Using this in the displayed formula above shows height(P) < d,
as required. O

We can now prove Theorem H3.

Proof of Theorem H3. Statement (i) follows immediately from Theorem M3. For example, suppose z1, ...,z
is an asymptotic sequence. If they do not remain an asymptotic sequence in E, then for some j < r, there
exists Q € A*((z1,. .. ,xj,l)ﬁ) with z; € Q. By Theorem M3, P = Q N R belongs to A*((1,...,2;_1)R).
Since z; € P, this is a contradiction. The converse is similar.

The proof of (ii) in Theorem H3 is similar to part (i), only one uses Corollary N3. Suppose x1,...,x, is an
asymptotic sequence. Let ¢ C R be a minimal prime, and maintain the notation from Corollary N3. If the
x; do not remain an asymptotic sequence in R, then for some j < r, there exists Q, € A*((z1,...,2;-1)Ry)
with the image of x; in R, belonging to @,. Here @ C R is a prime in R containing ¢. By Corollary N3, @
belongs to A*((z1,...,2;—1)R). Since x; € Q, this is a contradiction. The converse is similar.
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For (iii), we first note that by parts (i) and (ii), the given x; form an asymptotic sequence if and only if their
images in ﬁz form an asymptotic sequence, for all minimal primes z C R. Thus, we must prove that if R is a
complete local domain, then z1,...,z, form an asymptotic sequence if and only if height(x1,...,2,)R =1,
for all . For this, suppose x1,...,x, is an asymptotic sequence. Since each x; is chosen to avoid the
primes in A*((z;,...,7;_1)R), each x; avoids the primes minimal over (x1,...,z;_1)R. Therefore the ideals
(z1,...,2;)R all have height i. Conversely, suppose z1,...,z, generate an ideal having height r. Then, by
the remark above, the ideal generated by each x1,...z; has height ¢, for all 1 <t < r. Suppose x1,...,z,
do not form an asymptotic sequence. Then for some j, z; € P, for some P € A*((zy,...,z;-1)R). By
Proposition 03, height(P) < j — 1. On the other hand, (z1,...,z;-1)R C P, so height(P) > j — 1, and
therefore height(P) = j — 1. Since z; € P, this contradicts the assumption on the z;. Thus, z1,...,, form
an asymptotic sequence.

Part (iv) Follows immediately from part (iii).

For part (v) we use the obvious terminology: We say that z1,...,z, form a mazimal asymptotic sequence
if they form an asymptotic sequence and there does not exist y € R such that zq,...,zs,y is an asymptotic
sequence. The second condition is equivalent to requiring m € A*((w1,...,25)R). Set §(R) to be the
minimum of dim( R/ z), taken over all minimal primes z C R. By part (iii), the length of any asymptotic
sequence is less than or equal to §(R), including the length of a maximal asymptotic sequence. Now suppose

1,...,%s is a maximal asymptotic sequence. Then m € A*((ml, ..., Zs)R). By parts (i) and (ii) above, there
exists a minimal prime z C R with mR, € A*((x1, .. CCS)RZ). By Proposition 03, dim(R,) < s. Thus,
d(R) < s, which shows that all maximal asymptotic sequences in R have length §(R). O

We can now state and prove the characterization of quasi-unmixed local rings.

Theorem P3. Let (R, m) be a local ring. The following statements are equivalent.
(i) R is quasi-unmixed.
(ii) Every system of parameters forms an asymptotic sequence.
(iii) Some system of parameters forms an asymptotic sequence.

Proof. We let 6(R) have the same meaning as above. Set d := dim(R). If R is quasi-unmixed, then 6(R) = d.
Let z1,...,z4 be a system of parameters and let I denote the ideal they generate. Then Iis m-primary.
It follows that the image of I in each RZ is mRZ primary for all minimal primes z C R. Each R has
dimension d, therefore the images of x1,...,z4 in each R form a system of parameters and thus generate
an ideal of height d. By Theorem H3, 1, ..., x4 is an asymptotic sequence. So, (i) implies (ii). Clearly (ii)
implies (iii). Finally, if some system of parameters forms an asymptotic sequence, this is clearly a maximal
asymptotic sequence. The length of such equals §(R) by Theorem H3. Thus §(R) = dim(R), and therefore
R is quasi-unmixed. O

As a corollary, we can prove one component of Ratliff’s Theorem.
Corollary Q3. Let (R, m) be a local domain. If R satisfies the dimension formula, then R is quasi-unmized.

Proof. By the previous theorem it suffices to show that R has a system of parameters forming an asymptotic

sequence. Suppose T1,...,T, is a maximal asymptotic sequence. Then, m € A*(z1,...,x,)R. On the other
hand, by Proposition 03, height(m) < r. Since r < height(m), we must have r = height(m) = dim(R). This
implies that x1,...,z, is a system of parameters, and thus R is quasi-unmixed. (]

We now want to work directly towards the other parts of Ratliff’s theorem. We start with two elementary
observations, one each concerning the dimension formula and the catenary property.

Observations 1. For Noetherian domains A C B such that B is a finitely generated A-algebra, if A satisfies
the dimension formula, then B satisfies the dimension formula. To see this, let C be a finitely generated B
algebra. Then C is also a finitely generated A algebra. Let @ C C be a prime ideal and set P := @ N B and
Py := QN A. Then since A satisfies the dimension formula:

height(Q) + tr.degyp,)k(Q) = height(F) + tr.deg,C,

and
height(P) + tr.degy(p,)k(P) = height(F%) + tr.deg, B.
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Solving each equation for height(Py and setting them equal to each other gives:
height(Q) + tr.degy,(p,)k(Q) — tr.deg,C = height(P) + tr.deg,p, k(P) — tr.deg, B.
Rewriting, we get:
height(Q) + tr.degyp, k(Q) — tr.degyp, k() = height(P) + tr.deg,C — tr.deg, B.
Additivity of transcendence degree gives:
height(Q) + tr.degy pyk(Q) = height(P) + tr.degpC,
which is what we want.

Observation 2. A Noetherian ring S is catenary if and only if for every pair of prime ideals P C @,
height(Q) = height(P) + height(Q/P). To see this, suppose the height condition holds. Let P C @ be prime
ideals. To see that all saturated chains of primes between P and @ have the same length, we may mod out
P and localize at Q. Note that these operations preserve the height condition. Thus, we have to show that
if the height condition holds, all maximal chains of primes in a local domain (R, m) have the same length,
namely, dim(R). Let (0) € Q1 € --- € Qs = m be a maximal chain of length s. Clearly height(Q1) = 1.
By the height condition height(Qs2) = height(Q2/Q1) + height(Q1) = 14 1 = 2, since, by assumption, there
are no primes between @; and (3. Continuing in this fashion, we see height(Q;) = 4, for all i. Thus,
s = height(Q;) = height(m) = dim(R), which is what we wanted to prove.

We can now state and prove a second implication in Ratliff’s Theorem.

Proposition R3. Let R be a universally catenary Noetherian domain. Then R satisfies the dimension
formula.

Proof. By the observation above, we just have to prove the following statement. If T is a Noetherian domain,
and T = R[z], for some = € T, then the dimension formula holds between R and T. If x is algebraically
independent over R, then we have verified the dimension formula in this case in Remark (iii) following the
definition of the dimension formula. Suppose z is algebraic over R. Let A denote the polynomial ring in
one variable over R set K to be the kernel of the natural homomorphism from A to T. Take a prime ideal
@ C T and set P := @ N R. Since tr.degpT = 0, we must show

height(Q) + tr.degy(p)k(Q) = height(P).
Let Qo denote the preimage of Q in A, so that Q = Qo/K. Since A is catenary,
height(Qo) = height(Qo/K) + height(K) = height(Q) + 1. ()
Since the dimension formula holds between A and R we have
height(Qo) + tr.degy,p)k(Qo) = height(P) + tr.degp A = height(P) + 1.
Using (*) in this last equation we have
height(Q) + 1 + tr.degypyk(Qo) = height(P) + 1. (sx)

But A/Qo = T/Q, so tr.degy,p)k(Qo) = tr.degy, p)k(Q). Substituting this into (**) and cancelling 1 yields
height(Q) + tr.degy,p)k(Q) = height(P), which is what we want. O

Here is a result of independent interest that plays a key role in our analysis.
Proposition S3. Let S be a a Cohen-Macaulay ring. Then S is catenary.

Proof. We just have to check the height condition in the observation above. Let P C ) be primes. We may
assume that S is local at Q). Suppose P has height h and set d =: dim(S). Take z = x1,...,x; a maximal
regular sequence from P. Then

dim(S) — height(P) = d — h = depth(S/(z)) < dim(S/P),
the latter inequality holds since P is an associated prime of the S-module S/(z). On the other hand,
dim(S/P) + height(P) < dim(S) always holds in a local ring, and thus, dim(S) = height(P) + dim(S/P),
which is what we want. 0

We have used the following proposition a few times already. Time now for its proof.
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Proposition T3. Let (R, m) be a complete local domain. Then R is universally catenary and satisfies the
dimension formula.

Proof. We use the fact that a homomorphic image of a catenary ring is catenary. This follows immediately
from the definition and standard facts about primes in homomorphic images. To see that R is universally
catenary, it suffices to show that a polynomial ring in finitely many variables over R is catenary. By Cohen’s
Structure Theorem, R is the homomorphic image of a regular local ring S. Hence any polynomial ring B over
R is a homomorphic image of a polynomial ring A over S. Since S is Cohen-Macaulay, A is Cohen-Macaulay,
and therefore catenary. Thus, B is catenary, which shows R is universally catenary.

The second statement is now immediate from Proposition R3, (]

Remark. Since the catenary property does not require the ring in question to be an integral domain, the
proof above shows that a complete local ring is catenary.

We are closing in on the last step in Ratliff’s Theorem, namely that a quasi-unmixed local domain is
universally catenary. The proof of the following Proposition is greatly facilitated by the use of asymptotic
sequences.

Proposition U3. Let (R,m) be a quasi-unmized local ring. Leet P C R be a prime ideal.
(i) dim(R/P) + height(P) = dim(R).
(ii) R/P is quasi-unmixed.
(iii) Rp is quasi-unmixed.
)

(iv) R is catenary.

Proof. Let x1,...,x, be an asymptotic sequence of maximal length from P. Then, there exists Py O P with
Py € A*((x1,...,2,)R). By Theorem M3, there exists Q C R with Q € A*((x1,...,2,)R) with QN R = F.
Moreover, there exists z C R, a minimal prime, so that Q, € A*((x1,...,2,)R,). On the one hand, by

Proposition 03, height(Q,) < r, since R, satisfies the dimension formula. On the other hand, by Theorem
H3 (iii), height(Q,) > r. Thus, height(Q), = r. Since R is catenary,

r = height(Q.) = dim(R/z) — dim(R/Q) = dim(R) — dim(R/Q),
since R is quasi-unmixed. Therefore,
dim(R/P) = dim(R/PR) > dim(R/Q) = dim(R) — r > dim(R) — height(P).
Thus dim(R) + height(P) > dim(R). Since dim(R/P) + height(P) < dim(R) always holds, (i) follows.

Moreover, this shows r = height(P) and dim(R/Q) = dim(R/P). In addition, since height(Py) < r, by
Proposition O3, Py = P.

For (ii) Let P and z1,...,2, € P be as in (i). Then P is minimal over (xy,...,z,)R. Now assume @ is

minimal over PR. Then @ is minimal over (z1,...,z,)R and thus belongs to A*((x, ... ,xr)ﬁ). By what
we have shown in (i), it follows that dim(R/Q) = dim(R) — r = dim(R/P), so R/P is quasi-unmixed.

Now, since r = height(P), upon localizing R at P, z1,...,x, becomes an asymptotic sequence of length
dim(Rp), so Rp is quasi-unmixed by Theorem P3. This gives (ii).

Finally, suppose R is quasi-unmixed. Take P C () primes ideals. We have to check the height condition in
Observation 2 above. We may localize R at (). But then Rq is quasi-unmixed by (iii) and by part (i), the
the required height condition holds. O

Our last step requires us to show that if R is a quasi-umixed local ring and 7" is a polynomial ring in
finitely many variables over R, then T is locally quasi-unmixed. We start with a lemma.

Lemma V3. Let S be a Noetherian ring, J C .S an ideal and R[x] the polynomial ring in one variable over

R. Then J[z] = J[z].
Proof. Write R for the extended Rees algebra of R with respect to J and note that R|x] is the extended

Rees algebra of R[z] with respect to J[z]. Suppose u(r) = u,2™ 4+ tp_12" " + -+ 4+ ug belongs to J[z]. By

Lemma F3, u(x) € t71R[z]. Thus, 'i(jﬁ) is integral over R[z]. Therefore, each ;2% is integral over R for each

i, and thus u; € t~1R, for each i. By Lemma F3, u; € J for all i, and hence, u(z) € J[z], as required. [
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Corollary W3. Let R[x] be the polynomial ring in one variable over R. If xy,...,x, is an asymptotic
sequence in R, then x1,...,x, is an asymptotic sequence in R[x].

Proof. For any ideal I C R, Q € Ass(R[z]/I[x]) if and only if there exists P € Ass(R/I), with Q = Pl[z].
Thus, in light of the previous lemma, for any ideal J C R, Q € A*(J[x]) if and only if Q = P, for some
P € A*(J). The corollary now follows from the definition of asymptotic sequence. O

Theorem X3. Let (R,m) be a quasi-unmized local ring and T := R[x1, ..., xz,] be the polynomial ring in n
variables over R. Then for any prime ideal Q C T, Ty is quasi-unmized.

Proof. We induct on n. Suppose n = 1 and Q C T. Write P := @ N R. Then Tp is the polynomial ring
in one variable over Rp and (Tp)q = Tg. By Proposition U3, Rp is quasi-unmixed. Thus, we may begin
again assuming () N R = m. Since R is quasi-unmixed, by Theorem P3, every system of parameters forms
an asymptotic sequence. Let z1,...,24 € R be a system of parameters, where d := dim(R). Then: (i) By
Corollary W3, x1,...,z4 remain an asymptotic sequence in R[x] and (ii) A*((z1,...,74)R) = m. Moreover,
the proof of Corollary W3 shows A*((z1,...,z4)[x]) = m[z].

Now, since @ N R = m, we have two cases. If @ = mfz], then dim(Ty) = d, and z1,...,24 € Q is a
system of parameters in Ty forming an asymptotic sequence. Thus, by Theorem P3, T is quasi-unmixed.
If @ # m[z], then Q = (m, f(x))T, where f(z) is a monic polynomial which is irreducible over R/m. Thus
f(x) €mlz] = A*((z1,...,24)[x]). Therefore, x1,...,zq, f(x) form an asymptotic sequence in T, and also in
Tg. Since dim(Tg) = d+1, these elements are also a system of parameters in Tgy. Thus, T is quasi-unmixed,
by Theorem P3.

Now suppose n > 1. Let @ C T be a prime ideal and set P := Q@ NS, where S = R[z1,...,2,-1]. By
induction, Sp is quasi-unmixed. Since Tp is the polynomial ring in one variable over Sp, the n = 1 case
gives that (Tp)g = T is quasi-unmixed, and the proof is complete. O

Here is the last component of Ratliff’s Theorem.
Corollary Y3. Let (R,m) be a quasi-unmized local ring. Then R is universally catenary.

Proof. 1t is enough to show that if T is a polynomial ring in finitely many variables over R, then T is
catenary. For this, it suffices to show that T is catenary for every prime Q C T. By Theorem X3, T is
quasi-unmixed and by Proposition U3, T, is catenary. 0

For the sake of completeness, we put things all together.

Theorem (Ratliff). Let (R, m) be a local integral domain. The following statements are equivalent.
(i) R is quasi-unmixed.
(ii) R is universally catenary.
(iii) R satisfies the dimension formula.

Proof (i) implies (ii) by Corollary Y3. (ii) implies (iii) by Proposition R3. (iii) implies (i) by Corollary
Q3. O

Here are two applications of the main results of this chapter.

Corollary Z3. Let (R,m) be a quasi-unmized local ring. Then:
(i) For any finitely generated R-algebra S and primes ¢ C Q C S, (S/¢)¢q is quasi-unmixed.
(ii) R[[z]], the formal power series ring over R, is quasi-unmixed.

Proof. There are a couple of ways to see (i), given everything we have done. For example, by Ratliff’s
theorem, R is universally catenary, so S is universally catenary, and hence (S/q)¢ is universally catenary,
and therefore quasi-unmixed. Alternately, one can use the fact that if R is quasi-unmixed, then so is R/P
for any prime P C R.

For (ii) one follows the ideas in the proof of Theorem X3 to show that if a1, . .., a4 is a system of parameters
in R forming an asymptotic sequence, then a,...,aq4,x is a system of parameters forming an asymptotic
sequence in R[[z]]. O

We close this section with an amusing observation about height one primes in the integral closure of a
local domain.
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Observation. Let (R,m) be a local domain. Then there are only finitely many height one primes Q C R’
such that height(Q N R) > 1.

Proof. Suppose {Q,}, is an infinite set of height one primes in R’ with height(Q, N R) > 1, for all n. For
each @;, we can take a non-zero element a; € Q;. By Proposition D3, Q; € A*((a;R)). By Theorem H3,
Q; lifts to a prime P; € A*((a;R)). Each of these in turn have the property that (P;), € A*((a;R.)), for
some minimal primes z € R. Proposition L3 gives height(P;/z) = 1. We are now in the following situation:
we have infinitely many prime P; C R with height greater than one (since each @; has height greater than
one), and each P; has height one modulo some minimal prime. This cannot happen. Otherwise: since there
are finitely many minimal primes in ﬁ, there must exist two minimal primes 21, zo and infinitely many P;
such that height(P;/z1) > 1 and height(P;/2z2) = 1, for all j. Take b € 2z1\z2. Then the non-zero principal
ideal bﬁz,z is contained in infinitely many height one primes, which is a contradiction, since an ideal in a
Noetherian ring has only finitely many minimal primes. d

4. FIBERS OF RING MAPS AND THE DEFINITION OF AN EXCELLENT LocAL RING

In this section we present a few definitions and properties of the fiber of a ring map as they relate to the
definition of an excellent local ring. We do just enough to give the flavor of how things proceed when trying
to prove basic properties about the remaining ingredients in the definition of an excellent local rings. Many
of the important results are quite technical and require the development of a number of auxiliary ideas, so
that we will not have time to go very far in this direction. We begin with some definitions. All rings are
assumed to be Noetherian, unless stated otherwise.

Definitions. Let ¢ : R — S be a ring homomorphism. Tensor products are taken over R.

(i) For p C R a prime ideal, the fiber of ¢ over p is the k(p)-algebra k(p) ® S. Note that since k(p) is
just the ring Ry /py where U = R\p, the fiber over p is just Sy /pSu.
(ii) When R is local and S = ]SL, the fibers of ¢ are called the formal fibers of R.
(iii) If R is local with residue field k, k ® S is the closed fiber of the map ¢.
(iv) If R is an integral domain, and p = (0), so that k(p) = K, the quotient field of R, then K ® S is
called the generic fiber of ¢.

Remark. The description of k(p) ® S in (i) shows that the prime ideals in the fiber of ¢ over p correspond
to the prime ideals in S contracting to p. In fact, as topological spaces, one can show that Spec(k(p) ® S)
is homeomorphic to the set of primes P € Spec(S) with PN R = p.

Examples. (i) Suppose R is a Noetherian ring and S = R|x1,...,2,] is the polynomial ring in n variables
over R. Take p C R any prime ideal. Then the fiber of the inclusion map R C S is just k(p)[z1,...,z,].
Thus, the fibers of this map look essentially the same, except the coefficient fields k(p) can differ. However,
the dimension of each fiber is the same, namely n. S is certainly faithfully flat over R, but this alone is not
enough to insure that the fibers of the inclusion map all have the same dimension.

(ii) Let k be a field, and R = Q[y, z] be the polynomial ring in two variables over Q. Then the formal power
series ring R[[z]] is faithfully flat over R. We now show that the fibers of the inclusion map R C R[[z]] can have
different dimensions. We need to use the following fact: There exist two power series f(z), g(z) € Q[[z]] that
are algebraically independent over Q. In fact, the quotient field Q((z)) of Q[[z]] has infinite transcendence
degree over Q. To see this, suppose the transcendence degree of Q((z)) over Q were finite. Then we could
find fi,..., fa € Q((z)) such that Q((x)) is algebraic over K := Q(f1,..., f4). But K is a countable field
and since an algebraic extension of a countable field is countable, that would imply that Q((z)) is countable.
But Q[[z]] is clearly uncountable. Thus, Q((z)) has infinite (uncountable!) transcendence degree over Q, so
we may choose f(z),g(z) as above.

Now define a ring homomorphism « : R[[z]] = Q[[z]] by sending sending Q to itself, y to f(z), z to g(x)

and z to itself. Note that this ring map exploits the fact that R is isomorphic to Q[f(z), g(x)]. Let P be

the kernel of @. Then y — f(x) and z — g(x) € P. This forces P to have height 2. But PN R = (0), which

shows that the generic fiber of the inclusion R C R[[z]] has dimension two. On the other hand, if we set

m = (y, z)R, then R[[z]]/mR][[x]] = Q][x]] is one dimensional, so the fiber over m has dimension one. O
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We begin with the following proposition, which gives some information about fibers of a ring homomor-
phism.

Proposition A4. Let ¢ : R — S be a ring homomorphism. For P C S, set p:= PN.S. Then
height(P) < height(p) + dim(k(p) ® S).
Equality holds if the going down property holds between R and S.

Proof. By localizing at P, R be comes local at p, and neither the heights or dimensions in question change.
So we may assume that R is local at p and S is local at P. Set d := dim(R) and ¢ := dim(S/pS). Let
Z1,...,24 € R be a system of parameters and yi,...,y: € S be such that their images in S/pS form a
system of parameters. Then P¢ C yS + pS and p? C zR, for some ¢,d > 1. Then P°*® C (z + y)S. This
shows dim(S) < d + ¢, which gives the first statement.

Now suppose the going down property holds between R and S. Let Py C P; C --- C P, = P be a
saturated chain of primes containing pS. Note Py N R = p. Now let py C -+ € pg = p be a saturated chain
in R. Then, by the going down property, in .5, there is a chain of primes Py = Qg4 2 -+ 2 Qo with Q; = p;,

for all 4. This gives a chain of primes of length d + ¢ in S. Thus, dim(S) = d+ ¢, which is what we want. O

Proposition B4. Let ¢ : R — S be a ring homomorphism so that S is faithfully flat over R. Then:
(i) ¢ is injective.
(ii) The going down and lying over properties hold between R and S. In particular, equality holds in

Proposition A4.
(iii) height(I) = height(15), for all ideals I C R.

Proof. For (i) suppose a € R is non-zero. We have an exact sequence 0 — aR — R. If we tensor with S (via
@), the sequence 0 — (aR) ® S - R® S = S stays exact, by the flatness of S over R. The image of a ® 1g
under this map is just ¢(a). If ¢(a) =0, then (aR) ® S = 0, which contradicts the faithfully flat property.

For (ii), let p C R be a prime ideal. Then the fiber k(p) ® S is non-zero. Thus, Spec(k(p) ® S) is non-empty,
so by our comments above, there exists a prime P C S with PN R = p. In other words, the lying over
property holds. Now suppose P; is a prime ideal in S, and set ps := P, N R and suppose we have a prime
p1 € p2. Localizing at P, preserves flatness (by transitivity of flatness), so we may assume S is local at Ps.
Since po is the only maximal ideal of R and p2S # S, the extension is also faithfully flat. By lying over,
there is a prime P; C S with PR = p;. Since S is local at P>, P, C P», so the going down property holds.

For part (iii), let p C R be a prime ideal and take P C S a prime minimal over pS. Again, we may localize
at P and assume that S is local at P and faithfully flat over R. By part (ii), the going down property holds,
so by Proposition A,

height(P) = height(p) + dim(k(p) ® S) = height(p) + dim(S/pS) = height(p) + 0 = height(p).

This argument shows height(I) = height(IS). Indeed, if p is minimal over I having the same height as
I, then the above shows height(IS) < height(I). On the other hand, starting with P minimal over IS,
P is minimal over pS, for p = P N S, so the argument shows height(71S) < height(I), and therefore,
height(I) = height(I5). O

Here is a proposition that sheds some light on the dimension of fibers. Note that, in general, the going up
property does not holds between R and a polynomial ring or a power series over R. Part (ii) of the example
above shows that the going up property fails for power series rings, and that part (i) of the proposition
below can fail in a faithfully flat extension, while if R is a DVR with uniformizing parameter w, going up
fails for the extension R C RJz], even though the fibers all have the same dimension. To see this, note
that (mz — 1)R[z] is a maximal ideal in the polynomial ring contracting back to zero. If we take the chain
(0) C () we cannot lift it to a chain in R[z] starting with (pxz — 1), since the latter is a maximal ideal.

Proposition C4. Let ¢ : R — S be a ring homorphism between Noetherian rings. Let ¢ C p C R be prime
ideals.
(i) If the going up holds, then dim(k(q) ® S) < dim(k(p) ® S).
(ii) If going down holds, dim(k(p) ® S) < dim(k(q) ® S).
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Proof. For (i), let r := dim(k(q) ® S). Then there exists a chain of distinct primes Qg C --- C @, in S
such that for each i, @; N R = ¢q. Suppose s := height(p/q). Then in R, there exists a chain of distinct
primes ¢ = pg C -+ C ps = p. Since pg = g by the going up property, we can lift this chain in R to a chain
to Qr C -+ C Qrys, where each Q,4; N R = p;. Applying Proposition B4 to the induced homomorphism
R/q — S/qS. we have:

r+ 5 < height(Qr45/S) < height(p/q) + dim(k(p/q) @ $/¢5),
so r < dim(k(p/q) ® S/qS) = dim(k(p) ® S), which is what we want.

For (ii), we first note that if the conclusion of part (ii) holds when height(p/¢q) = 1 then it holds in
general. For if ¢ C p C p’ with height(p/q) = 1 = height(p’/p), then the longest chain of primes in S lying
over p’ is less than or equal to the longest chain of primes in S lying over p, which is less than or equal to
the longest chain of primes in S lying over ¢, by the height one case. Iterating this shows we may assume
height(p/q) = 1.

Set r := dim(k(p) ® S). If r = 0, there is nothing to prove. Now, suppose r > 0 and let Py C --- C P,
be a chain of distinct primes in S with P; N R = p, for all 5. We need to find a chain of distinct primes
Qo C---CQrin S, so that Q;NR = g, for all j. For this we will use the following fact: If T" is a Noetherian
domain and C' is a prime ideal in T having height greater than one, then C' contains infinitely many height
one primes of 7.

Now, by going down, there exist Qo & Py such that Qo N R = ¢q. Take x € p\q. We apply the fact above
to T := S/Qo and its prime P;/Qq, which has height greater than one. The fact above implies that there
exists a height one prime contained in P;/Qp not containing the image of z, since the image of = in 7' is
contained in only finitely many height one primes This prime corresponds to a prime () in S containing @,
properly contained in P;. Since x is not in ()1, we can’t have ;1 N R = p and since there are no primes in R
between ¢ and p, we must have @; "R = ¢q. We can now apply the same process in S/Q to the prime Py/Q1
which has height greater one. There is a height one prime in S/@Q; contained in P>/ not containing the
image of z. As before, this corresponds to a prime )3 properly containing ()1, which satisfies Q2 N R = q.
Continuing in this fashion, we can create a chain of primes of length r in S where each element of the chain
contracts to ¢g. This complete the proof of the proposition. O

The next theorem shows how some familiar properties transfer between a Noetherian ring and a faithfully
extension. The fibers of the ring map play a key role. But we first recall some definitions.

Remark Let R be a Noetherian ring.

(i) R satisfies Serre’s condition S, if for all P € Spec(R), depth(Rp) > min{n,dim(Rp)}. Thus, for example,
a ring is Cohen-Macaulay if and only if it satisfies .S,, for all n < dim(R).

(ii) R satisfies Serre’s condition R,, if for all P € Spec(R), with height(P) < n, Rp is a regular local ring. A
ring is regular if and only if it satisfies R,, for all n.

Comments. (i) R is reduced if and only if R satisfies Ry and S;. The conditions clearly hold if R is reduced.
Suppose the conditions Ry and S; fold. The condition S; implies that the associated primes of zero have
height zeto, i.e., are the minimal primes of R. The Ry condition implies that R, is a field for each minimal
prime ¢ C R, and hence g, = 0, for all minimal primes ¢q. Together these conditions give (0) = ¢ N---Ngs,
where the ¢; are the minimal primes of R. Therefore, R is reduced.

(ii) Even though we have been considering integrally closed domains, the ring R does not have to be an
integral domain to be integrally closed. We say that R is integrally closed (as a ring) if R equals the integral
closure of R in its total quotient ring. Note however, that if R is integrally closed, then either R is its total
quotient ring or R must be reduced - since if a € R satisfies a® = 0, then for any non-zerodivisor s in R, %
is an element in the total quotient ring of R, integral over R, yet not in R. With this in mind, one can show
that R is integrally closed if and only if R satisfies Serre’s conditions Ry and S;. The proof of this is almost
identical to the proof of Proposition A.

We need a special case of a standard result concerning flatness before proving one of our main results.
The general result is known as the local criterion for flatness and does not require that S be flat over R -
and of course, is more difficult to prove.
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Proposition D4. Let ¢ : (R,m, k) — (S,n,1) be a flat local homomorphism of Noetherian local rings. A
finitely generated S-module M is flat over R if and only if Tor?*(k, M) = 0.

Sketch of Proof. If M is flat, then Tor® (NN, M) = 0 for all R-modules by applying the long exact sequence in
Tor associated to the short exact sequence 0 - K — F — N — 0, where F is a free R-module. Conversely,
if Torf(N, M) = 0 for all N, then M is flat since if

0—>A—B—C—0,
is an exact sequence of R-modules, we have and exact sequence
Torf(C, M) - A9 M - B M — C® M — 0.

Since Torf”(C, M) =0, the map A® M — B ® M is injective, showing M is flat. We now make a series of
reductions.

Step 1. M 1is flat over R if Torf(N ,M) = 0, for all finitely generated R-modules. This follows since
N = lim Nj is a direct limit of finitely generated R-modules and h_r)nTorf‘(Ni, M) = Torf(li_n; N;, M), so M
is flat over R if Torf (N, M) = 0, for all finitely generated R-modules N.

Step 2. Let N be a finitely generated R-module. Then N has a filtration 0 = Ny C N; C --- C N, = N, such
that N;/N;_1 = R/P;, where each P; C R is a prime ideal. If Torf(R/P;, M) = 0, for all i, then induction on
i together with the long exact Tor sequence applied to the sequences 0 — N;_; — N; — N;/N;_; — 0, shows
that Torf (N;, M) = 0 for all 4 and hence Torf'(N, M) = 0. Thus, it suffices to prove Torf(R/I, M) = 0, for
all ideals I C R.

Step 3. Suppose Torf'(R/J, M) = 0, for all m-primary ideals .J C R. Let I C R be an ideal. Fix t > 1. Then
J := I+ m'is m-primary. Let 0 - K — F — M — 0 be an exact sequence of S-modules with F finitely
generated and free over S. Note that this is also an exact sequence of R-modules, and that since S is flat
over R, F is flat over R. Let us also note that in this situation Torf'(R/J, M) = (JF N K)/JK. To see this,
tensor the short exact sequence 0 - K — F — M — 0 with R/J. We get the long exact sequence in Tor

.- = Torf(R/J, F) — Tor®(R/J,M) - K/JK — F/JF — M/JM — 0.

Torf(R/J, F) = 0, since F is flat over R. This shows Tor{'(R/J, M) is isomorphic to the kernel of the map
from K/JK to F/IF, whichis (JFNK)/JK. The same argument shows that Tor(R/I, M) = (IFNK)/IK.

Now, Torf'(R/J, M) = 0 implies JFNK = JK. Thus [IFNK C JFNK = (I +m)K C (I +n")K.
Since K is finitely generated and S is local, taking this last intersection over all ¢ shows IF N K C IK, and
hence IF N K = IK. Thus, by the comments above we have Tor; (R/I, M) = 0. It now suffices to shows
Torf'(R/.J, M) = 0 for all m-primary ideals.

Step 4. Let J C R be m-primary. It suffices to prove Torf(N, M) = 0, for all finite length R-modules
N. Proceeding by indeuction on the length, when the length is one, N = k, and our assumption gives
Tor®(N, M) = 0. When N has length greater than one, we can find an R-module N’ C N such that N/N’
has length one. We then apply the long exact Tor sequence associated to 0 - N’ — N — N/N’ — 0 to
complete the proof. O

Here is an important corollary.

Corollary E4. Let ¢ : (R,m, k) — (S,n.l) be a flat local homomorphism of local rings. Suppose x =
Z1,..., T, € S have the property that their images in S/mS form a regular sequence. Then z forms a regular
sequence in S and S/(x)S is flat over R.

Proof. Tt suffices to prove the case r = 1. So, suppose z € S is a non-zerodivisor on S/mS. Take s € S and

suppose st = 0. Then sz € mS, so s € mS. Let aq,...,a4 € R be a minimal generating set for m. Then we

have part of a minimal resolution of m over R given by R® % R% — m — 0, where the matrix o has entries

in m. Tensoring with S, we preserve exactness and have S°¢ 8lgd 4 ms 0, where a®1 is just the matrix

a. On the other hand, we may write s = syay +- - - Sqaq, with s; € S. Therefore, 0 = (xs1)a; + - - -+ (xs4)aq.
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It follows that the column vector : belongs to the image of @ ® 1. Thus each xs; € mS. Therefore, by

ISq
our assumption on z, each s; € mS. Thus, s € m?2S. Therefore we can rewrite s as an S linear combination
of of the generators of m?. Repeating the argument with the start of a minimal resolution of m? shows
s € m3S, and thus by induction, s € m*S for all t. Therefore, s = 0, since S is local and m C n. Thus, x is
a non-zerodivisor in S.

Now, consider the exact sequence 0 — S - S — S/2S — 0. Tensoring with k we get:
-+ = Torf(k, S) — Torf(k,S/xS) — S/mS 5 S/mS — S/(x,m)S — 0.

In the Tor sequence above, multiplication by z is injective, by the assumption on z, and Tor{% (k,S) =0,
since S is flat over R. Therefore Tor®(k, S/zS) = 0, and thus S/zS is flat over R, by Theorem D4, as
required. (Il

Here is one of the main results from this section.

Theorem F4. Let ¢ : R — S be a faithfully flat ring homomorphism.

(i) If S satisfies Sy, then R satisfies S,,.
(ii) If R satisfies S,, and the fibers k(p) ® S satisfy S,,, for all p € Spec(R), then S satisfies S,,.
(iii) Statements (i) and (ii) hold for Serre’s condition R,,.

Proof. For (i), take P € Spec(R) and @ € Spec(S) such that @ is minimal over PS. Then Sg is faithfully
flat over Rp and height(Q) = height(P). Now suppose depth(Rp) = r. If x1,...,2, is a maximal regular
sequence in Rp, by faithful flatness, these elements remain a regular sequence in Sg. Moreover, there exists
¢ € R with Pc € (z1,...,2,)R and ¢ € (x1,...,2,)R. Therefore, PSc € (z1,...,2,)S and by flatness,
c & (z1,...,2,)S. Since Q' C PS for some t, Q' consists of zerodivisors modulo (z1,...,z,)Sqg. Thus,
depth(Sq) = depth(Rp). Since dim(Rp) = dim(Sg), it follows that if depth(Sg) > min{n, dim(Sg)}, then
depth(Rp) > min{n,dim(Rp)}, and thus R satisfies .S,,.

For (ii) suppose R and the fibers k(p) ® S satisfy S,,. Let @ C S be a prime ideal, and set P := Q@ N R.
We may localize at @, so that R is a local ring with maximal ideal P and S is local at ) and flatness is
preserved. Note that S/PS is a fiber of our original ring homomorphism. Thus, R and S/P satisfy S,,. Let
r := depth(S/PS). Take y = y1,...,y, € S such that their images in S/PS form a regular sequence. By
Corollary E4, the sequence ¥ is a regular sequence in S and S/(y)S is flat over R. Now take z1,...,zs € R,
a maximal regular sequence so that s := depth(R). Since S/(y)S is flat over R, and z - (S/(y)S) # S/(y)S,
the sequence z is a regular sequence on S/(y)S. Thus, y, is a regular sequence in S. Therefore, B

depth(S) > depth(R) + depth(S/PS) > min{n, dim(R)} + min{n, dim(S/PS)}.

Consider the sum on the far right. If n is strictly less than one of dim(R) or dim(S/PS), then one of the terms
in the sum equals n, so the sum, and hence depth(S) is greater than min{n, dim(S)}. Suppose both dim(R)
and dim(S/PS) are less than or equal to n. The sum on the right above becomes dim(R) + dim(S/PS) =
dim(S), and thus depth(S) > min {n,dim(S)}, in this case as well. This shows S satisfies .S,,.

For part (iii), assume first that S satisfies R,,. Take P C R a prime ideal with height less than or equal to n.
We must show Rp is regular. If we localize S at a prime ) minimal over P, then height(Q) = height(P) < n.
If we localize at @), we may assume that ¢ is a flat, local homomorphism between local rings of the same
dimension and that S is a regular local ring. Let k denote the residue field of R and take the start of a
minimal free resolution --- — F, — F} — R — k — 0 of k as an R-module. It suffices to show F,, = 0, for
some n, for then k will have finite projective dimension over R and thus, R will be a regular local ring. Tensor
this resolution with S. Since S is flat over R, the new sequence --- - Fo ® S > F1® 5 -S> k® S5 =0
is exact. Moreover, this is a minimal resolution over S. Since S is regular, we must have F,, ® S = 0, for
n > dim(S). In particular, some F,, ® S = 0, and by faithful flatness, F,, = 0, for some n. Thus, R is regular,
which is what we want.

Now suppose R and the fibers of ¢ satisfy R,. As before, we take Q € Spec(S) and localize S at @, so
that for P = Q@ N R, R is local at P, and hence regular, and the closed fiber S/PS is regular. Now, P is
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generated by a regular sequence in R, which remains regular in S, by flatness. Moreover, Q/PS is generated
by a regular sequence. Putting these sequences together shows that @ is generated by a regular sequence
which means S is a regular local ring, which is what we want. O

Here are some immediate corollaries.

Corollary G4. Let ¢ : R — S be a faithfully flat ring homomorphism. Then:

(i) S is Cohen-Macaulay if and only if R is Cohen-Macaulay and the fibers k(p)®.S are Cohen-Macaulay,
for all p € Spec(R).
(ii) S is regular if and only if R is regular and the fibers k(p) ® S are regular, for all p € Spec(R).

Proof. Immediate from Theorem F4. a
Corollary H4. Let (R, m) be a local ring. Then:

(i) R is reduced if and only R is reduced and the formal fibers are reduced. In particular, if R is a local
domain, then R is analytically unramified if and only the formal fibers of R satisfy S; and Ry.

(ii) R is integrally closed if and only if R is integrally closed and the formal fibers of R are integrally
closed. In particular, if R is an integrally closed local domain, then Risan integrally closed domain
if and only if the formal fibers of R satisfy Sy and R;.

Proof. This follows from Theorem F4 and the characterization of th reduced and integrally closed properties
in terms of the Serre conditions S,, and R,,. O

We now state some crucial elements in the definition of an excellent local ring.

Definitions. (i) Let k be a field and A an algebra over k (typically Noetherian). A is said to be geometrically
regqular if for every finite field extension k C K/, k' ®, A is regular.

(ii) The Noetherian ring R is said to be a G-ring if, for every @ € Spec(R), the formal fibers of Ry are
geometrically regular.

As we are not going to prove anything of substance with this properties, a number of comments are in
order.

Comments. (i) If the k-algebra is geometrically regular, it is clearly regular. On the other hand, it turns
out that if A is regular, and &’ is a finite separable extension of k, then k' ®j A is automatically regular. Thus
if k is a perfect field, any regular k-algebra is geometrically regular. In particular, if £ has characteristic
zero, then any regular k-algebra is geometrically regular. Therefore, if R contains a field of characteristic
zero, then R is a G-ring if and only if the formal fibers of R¢ are regular, for all @) € Spec(R).

(ii) Suppose (R,m) is a local ring. To say that the formal fibers of R are geometrically regular, means that

for every prime p € Spec(R), the k(p)-algebra k(p) ®r Ris geometrically regular. For non-local R, to be a
G-ring means this property holds for R, for all Q) € Spec(R).
(iii) Some deep theorems concerning G-rings are:
(a) If (R, m) is a local ring and the formal fibers of R are geometrically regular, then R is a G-ring. In
other words, in the local case, one does not have to check the formal fibers of Rq, for @ € Spec(R).
(b) A complete local ring is a G-ring.
(¢) If R is a G-ring, then any finitely generated R-algebra is also a G-ring.
The proofs of these theorems involve a lot of machinery, including modules of differentials and the notions
pertaining to formal smoothness. Most of the details can be found in Matsumura’s first book Commutative

Algebra. As one might suspect, the difficulties mainly lie in the characteristic p > 0 case or the mixed
characteristic case.

(iv) A local ring is excellent (finally!) if it is a universally catenary G-ring. When R is not local, an additional
condition is required for a ring to be excellent, namely that, for any finitely generated R-algebra T, the set
of primes Q € Spec(T) such that R is regular form an open subset of Spect(T’). It turns out that this
condition holds automatically in a local G-ring, though this is also difficult to prove.

(v) An excellent local domain is a Nagata domain. This will follow from the theorem below.
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(vi) A finitely generated algebra over an excellent ring is excellent. The difficulty here lies in the transference
of the G-ring property. Also, homomorphic images and localizations of excellent rings are excellent.

(vi) It follows from what we have done this semester, and the statements above, that a regular local ring
containing a field of characteristic zero is excellent. But we have already seen with Nagata’s example that
even a DVR in characteristic p > 0 need not be excellent. There are examples of regular local rings of mixed
characteristic that are not excellent.

(vii) Standard examples of excellent rings include:
(a) Complete local rings (including fields).
(b) Characteristic zero Dedekind domains, including Z.
(c) Finitely generated algebras over rings in (a), (b), and homomorphic images and localizations of these
algebras.

(vii) A celebrated theorem of E. Kunz states that if R is a Noetherian ring containing a field of characteristic
p, the R is excellent if R is a finite RP-module. R. Datta and K. Smith recently proved that if R is a domain
containing a field of characteristic p > 0 and its quotient field K satisfies [K : K] < oo, then if R is excellent,
then R is finite over RP.

We close this section with a theorem concerning Nagata rings and formal fibers. We need two preliminary
results, the first of which we state as a Remark.

Remark. Let A be a ring , S C A a multiplicatively closed ate. For Ag-modules M and N, we have
M ®4 N =M ®4, N and for A-modules M, N, we have Mg ®4 N = (M ®4 N)s. We will use these
properties below without comment.

The following lemma extends what we already know in the domain case to the case of reduced local rings.

Lemma I4. Let (R,m) be a reduced Nagata ring with total quotient ring K. Let T be a finite, integral
extension of K such that T is also reduced. Let S denote the integral closure of R in T. Then S is a finite
R-module.

Proof. Note that both K and T are direct sums of fields. Let P C T be a minimal (and also, maximal)
prime ideal. Then K/(P N K) C T/P is a finite extension of fields. Since R/(P N R) is a Nagata ring, the
integral closure of R/(P N R) in T/P is a finite R/(P N R)-module. Since S/(S N P) is contained in that
integral closure, S/(P N S) is a finite module over R/(P N R), and hence, also a finite R-module. If we let
Py, ... P, denote the minimal primes of T then T =T/P, @ ---@® T/ P, (by the Chinese remainder theorem),
and we have S — S/(PLNS)®--- @ S/(P,NS) CT. Since each S/(P; N.S) is a finite R-module, S is a
finite R-module, which is what we want. O

Definition. Let & be a field. A k-algebra A is said to be geometrically reduced if k' @, A is reduced for all
finite extensions k' of k.

Theorem J4. Let (R, m) be a local domain with quotient field K. Then R is a Nagata ring if and only if its
formal fibers are geometrically reduced. In particular, if R is an excellent local domain, then R is a Nagata
ring.
Proof. Assume that R is a Nagata ring and let p € Spec(R). Set U := R\p. We need to show that
k(p)®)rR = (R/pR)y is geometrically reduced. Note that this is the generic formal fiber of R/p which is a
Nagata ring. Thus, we may replace R/p by R and begin again assuming that R is a Nagata ring and show
that its generic formal fiber K ® R= EU is geometrically reduced, where U is the set of non-zero elements
of R.

Let K’ be a fi\nite field extension of K. We want K @k }AEU to be reduced. Let K denote the total
quotient ring of R. We first note that K @ x Ry < K’ @k K, since K C K’ is a faithfully flat extension of
K-modules. Thus, it suffices to show K’ @k K is reduced. But

K' @x K=K ©r K CQR(K' ®r R),
where ‘QR’ denotes quotient ring. Thus, it suffices to show that QR(K’'®g ]?Z), and hence K'®p R is reduced.

Now, let S denote the integral closure of R in K’. Then S is finite over R, s0 S = S ®g R and S is also a
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Nagata ring by Comment 2 after the definition of Nagata ring on page 1 above. Thus, S is reduced, since a
Nagata local domain is analytically unramified (by Theorem H). Therefore QR(S) is reduced. On the other
hand, we have

K'®r R=QR(S) @r R C QR(S ®r R) = QR(S),
which shows K’ @ R is reduced, which is what we want.

Conversely, suppose the formal fibers of R are geometrically reduced. Let P € Spec(R). We must
show R/P satisfies No. Since the generic formal fiber of R/P is geometrically reduced, as before, we may
replace R/P by R, assume that R is a local domain with quotient field K and that the generic formal fiber
K ®gr R = ﬁU is geometrically reduced, where U is the set of non-zero elements in R. Let K’ be a finite
field extension of K and S be the integral closure of R in K’. We must show S is a finite R-module. For
this, it suffices to show that S ®g R is a finite R-module. Note: we do not yet know S ®p R =S. We have

SeorRCK'®r RC K' ®p Ry = K' ®x Ry,

with the last ring on the right being reduced by assumption. Thus, K’ ®p R is reduced and hence its’s
quotient ring T is reduced.
On the other hand,

E‘—)EU ZK(X)RE;)K,@RE%
which shows that R and its quotient ring K are reduced. Since T is a finite extension of K, we are in the
situation of Lemma I4 above. R is a reduced Nagata ring (smce a complete local ring is a Nagata ring),
S0 its integral closure in T is a finite R-module. Since S QR R is contained in this ring, S ®g R is a finite
R- module, which completes the proof. O

5. THE REES MULTIPLICITY THEOREM

In this section, we change direction entirely to focus on multiplicities in local rings, with the goal of
proving the celebrated theorem of Rees, which state the following: Let (R, m) be a quasi-unmixed local ring
and J C I two m-primary ideals satisfying e(J) = e(I). Then J = I. Here we are writing e(I) for the
multiplicity if I.

Recall that if (R, m) is a local ring with dim(R) = d, and I C R is an m-primary ideal, one way to define
e(I) is as follows:

. d! "
e(l) = nh_}rréo i AMR/T™),
where we use A(—) to denote the length of a finite length R-module.

We will develop the definition and basic properties of multiplicities below. In order to prove the theorem
of Rees, will will start with some preliminaries on integral closure and then present the standard background
material on the multiplicity of an m-primary ideal in a local ring.

We begin with:

Definition and Comments. An integral domain V with quotient field K is a waluation domain if for
every € K, either € V or 27! € V. Note that a DVR W is easily seen to be a valuation domain, since
every element of W has the form un™, for v € W a unit and 7 € W the uniformizing parameter of W. The
following hold for a valuation domain V:

(i) Every finitely generated ideal of V is principal. To see this, it suffices to show any two-generated ideal is
principal, and to see this it bufﬁceb to see that if a,b € V are nonzero, then either a € bV or b € aV. But,
by definition, either § € V or b ¢V, which gives what we want. NOTE: A valuation domain does not have
be a Noetherian. In fact any Noetherlan valuation domain is a DVR.

(ii) A valuation domain has a unique maximal ideal. To see this, let my denote the set of non-units of V.
Clearly va € my for all v € V and a € my. If a,b € my then a € bV or b € aV, by the previous item. Say,
a € bV, s0 a = bv, some v € V. Then a+b = (v+ 1)b € my, so my is closed under addition. Thus, my is
an ideal, and is therefore the unique maximal ideal of V.
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(iii) V is integrally closed. To see this, Suppose x € K is integral over V. We have an equation of the form:
" +oz" v, =0,

with each v; € V. Since V is a valuation domain, either x or 27! belongs to V. Suppose 2~ € V. Multiply
the equation above by =™ to get

l4+vz 4 +u,2 " =0.
Solving for 1 in this equation, we can write 1 = vz !, for some v € V. This shows z~
hence its inverse x is in V. Thus, V is integrally closed.

!is a unit in V, and

(iv) Every ideal in a valuation domain is integrally closed. To see this, let J C V be an ideal, and take b € J.
Then b in integral over a finitely generated ideal Jo C J. By (i) Jo is principal, and by (iii) V' is integrally
closed. Thus, Jy = Jp, and hence b € Jy C J.

Our first goal is to characterize the integral closure of powers of an ideal in a Noetherian ring in terms of
discrete valuation rings.

Proposition A5. Let R be a Noetherian domain with quotient field K and J C R an ideal. Then

J=(JVAR)=()JV)NR,
\% 1%
where the intersection runs through the DVRs between R and K.

Proof. Let b € J. From (iv) above b € JV, for all V. Conversely, suppose b ¢ J. We must find a
DVR between R and K with b ¢ JV. Suppose J = (a1,...,aq)R, and set S := R[%,..., %] Set
L:=(%,...,%)S. Weclaim L # S. Suppose L = S. Then there exists a polynomial f(z1,...,zq) with
coefficients in R such that f(%,...,9¢) = 1. Note that if 27" - - - z3* is a monomial in f(z1,...,zq) of degree
n, then bV - (FH)er--- (%) € bN=m g for all N > n. Thus, if N is the largest degree of a monomial in
f(x1,...,2q) and we multiply f(%,...,%) =1 by b and bring bV to the left hand side of the resulting
equation, we have an equation of integral dependence of b on J, contrary to our choice of b. Thus, L is a

proper ideal of S.

Now, take a prime ideal P C S containing L. Then by Corollary G2, there exists a DVR V between S
and its quotient field, which is K, such that my NS = P. Thus, the elements ¢ are non-units in V. If b
were in JV, then for a; with JV = q,;V, we would have b € a;V. But then a% € V, would be a contradiction.
Therefore b ¢ J, and the proof is complete. O

Remark. Let A be an integral domain, not necessarily Noetherian, with quotient field K. Then for any
prime ideal P C A, using Zorn’s lemma, one can show that there exists a valuation domain V' (more than
likely not a DVR) such that my N A = P. The proof above, together with the comments above, show that
J = (JV N A), where the intersections runs through all valuation domains between A and K.

Corollary B5. Let R be a Noetherian domain and I = (a1,...,aq)R and ideal. Set T; = R[‘Z—l,,‘;—d]
Then, for allm > 1, I = ﬂ1gi§d(InTi NR).

Proof. Clearly I" C (), .,<,(I"T; N R). Conversely, suppose b € (),c;<y(I"T;. N R). Let V be a DVR
between R and its quotign{ field. If IV = a;V, then a; € a;V, for allijiyé i. Thus each fraction Z—Jl ceV.
Therefore T; C V. But now, b € I"T; C I"V = I™V. Since this holds for all DVRs between R and its
quotient field, b € I, by Proposition A4. a

Theorem C5. Let R be a Noetherian domain with quotient field K and I C R be an ideal. Then there exist
finitely many DVRs Vi, ..., V, between R and K such that for anyn > 1, I" = (\._,(I"V; N R).

Proof. Let I := (ai,...,aq)R and set T; := R[%*,---,, %4] for all 1 <i <d. Taken > 1, fix 1 <4< d and
let T} denote the integral closure of T;. Then T is a Krull domain and thus, from our work in Section 2 we
have:

(i) There exist finitely many height one primes Q1,...,Qs C T} containing al, which are exactly the
height one primes containing a;.
(i) afT{ = (af W1 NT) N --- N (a;Ws NTY), where each W; = (T})q,-
(i) Each W; is a DVR.
32



Since a'T; = a?T! NT;, we have
InT‘Z = asz = G?Ti/ N Tz = (a?Wl N---N G?Ws) N TYZ
Therefore,
I"I;NR=(a}W1Nn---NalW)NR=I"W1NR)N---N(I"WsNR),
since I"W; = aiWj, for all j. If we do this for each 4, and collect all of the resulting DVRs associated to
each a;T/, and call them V;,...,V,, then the conclusion of the theorem follows from Corollary B5.

Remark. The DVRs V1, ...V, constructed in the proof of Theorem Cb5 are called the Rees valuation rings of
I, and are uniquely determined as the smallest collects of DVRs between R and K for which the conclusion
of Theorem C5 holds.

We next want to improve the conclusion of Theorem C5 in the case that R is a local domain satisfying the
dimension formula and the generators of I form a system of parameters. The next proposition is a special
case of a result to E.D. Davis.

Proposition D5. Let (R,m,k) be a local domain and a;....,aq a system of parameters. Fiz 1 < i < d

and set T; := R[%, ooy, %] Then mT; is a height one prime and the residue classes o iy, 2 are

algebraically independent over k, i.e., T;/mT; is isomorphic to a polynomial ring in d — 1 variables over k.
Proof. Tt suffices to prove the case i = 1. Set T := T} and S := R[xa, ..., x|, the polynomial ring in d — 1
variables over R and let P denote the kernel of the natural ring homomorphism from S to T that takes
each z; to Z—l, so PN R = 0. Let L denote the ideal of S generated by ayx2 — as,...,a12; — ag, so that
L C P. Let us note the following: If we invert a;, then S, is the polynomial ring in d — 1 variables over R,
and T,, = R,,. The induced ring homomorphism from S,, — T, is now just obtained by evaluating any
g(xa,...,24) € Sy, at Z—f, cee ‘;—‘11 € R,,. The kernel of an evaluation map is alway just the expected kernel,
in this case, Lo = (x2 — i Ta— %)Sal' Now, clearly LS,, = L¢S,,, while on the other hand, the kernel
of the induced map is P,,. Thus P,, = L,,, and hence P = L,, NS. In other words, f(xa,...,z4) € P if
and only if af - f(zo,...,z4) € L, for some ¢ > 1.

So: take f(z2,...,24) € P and let Q C S be a prime minimal over L. Then a§ - f(z2,...,24) € L C Q.
Suppose af € Q. Then a1 € @ and hence ay,...,aq € Q. But this is a contradiction, since on the one hand
height(Q) < d — 1, while on the other hand ay,...,aq generate an ideal of height d in R, and hence also in
S. Thus, a1 € @, so f(xa,...,x4) € Q. Thus, P C @, which shows that P is the unique minimal prime of
L. Now, since mS contains L, we have P C mS Thus m7 = mS/P is a prime ideal. In addition, for some
n>1,

m" C (a1,...,aqa)S = (a1,L)S C (a1, P)S,
which shows m™ C a1T. Thus height(mT') = 1, and in fact, mT is the unique height one prime in 7' containing
a1. Finally,
T/mT = (S/P)/(mS/P) = S/mS = k[xa, ..., xq],
the polynomial ring in d — 1 variables over k. ]
The following proposition due to DK plays a key role in a theorem below concerning multiplicities.

Proposition E5. Let (R, m, k) be a local domain and I = (ay,...,aq)R an ideal generated by a system of
parameters. Assume R satisfies the dimension formula. Set S := R[g—j, cee %]mR[Q oo cay. Let Q1,..., Qs
ap’ ay

be the height one primes in S’. Then for allm > 1, I" = (I"V; N R) N --- N (I"Vs N R), where V; := (5)q,,
for each i.

Proof. By Theorem C5, we just have to show that Vi,...,V; is the complete set of Rees valuation rings of

I. For each 1 <i < d, set T; := R[%,---,, %] so that S = (T1)mr,. By Proposition D5, mT; is a height
one prime. Let U; C T; be the multiplicatively closed subset generated by 2—1, ce % Then

ai,_q 1 aj aq a; a;

T, = Ti[(21 L A

(T, = T Y = R, 22

Let2 <j<dandi# 1. Ifj =i, then &, 2L € (T;)y,. fj #4, ;2 = ¢2- % € (Ti)y, and & = 2% € (T;)y,,

which shows that (T1)y, € (Ti)y,. The same argument shows (T};)y, € (T1)y,, and thus (T3)y, = (T1)v,,

for all i. By Proposition D5, U; N wT; = (), for all i, since the images of the elements % in T;/mT; are
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algebraically independent over k. Thus (T3)mr, = ((T%)u; )m(t;)y, for all ¢, from which we infer (T;)mr, = S,
for all 3.

Now let V' be a Rees valuation ring of I. Then for some 1 < i < d, V is obtained by localizing T} at a
height one prime @) containing a;, so that my = Qg. Thus, by Proposition D3, Q N'T; € A*(a;T}). Since R
satisfies the dimension formula, T; also satisfies the dimension formula, by Observation 1 following Corollary
Q3. Thus, by Proposition L3, height(Q)) = 1. Since mT; is the only height one prime in 7; containing a;,
mT; = QNT;. Thus S = (T;)mr, € (T})g = V. Since V is integrally closed S’ C V. Since my NS = mS,
my NS’ must contract to mS, therefore my NS’ = @, for some 1 < j < s. It follows that V; C V. However,
there are no rings strictly between a DVR and its quotient field, so we must have V; =V, which is what we
want. ]

Our next Theorem is a special case of one of the main theorems in the theory of reductions of ideals
due to Northcott and Rees. Their famous 1953 paper titled Reductions of ideals in local rings is one of
the most frequently cited papers in commutative algebra. For the theorem below, we will use the Noether
Normalization Theorem, one version of which is the following: Let k be an infinite field and B a finitely
generated, graded k algebra, which is generated over k by homogenous elements of degree one. If dim(B) = r,
then there exist by,...,b. € By, such that by,...,b, are algebraically independent over k and B is a finite
module over A := k[by,...,b,].

Theorem F5. Let (R,m) be a local ring with infinite residue field k. Then, for any m-primary ideal I C R,
there exists an ideal J, generated by a system of parameters, such that J = 1.

Proof. Let R denote the Rees ring of R with respect to I, so that R := R[It] = R® It § [*t> @ ---. The
k-algebra B := R/mR is a finitely generated, graded k-algebra generated by homogeneous elements of degree
one over k. Note, that as a graded k-algebra, B = k @ I/mI & I?/mI? & ---. By Noether’s Normalization
Lemma, there exist b, ...,b, € By, such that by, ...,0b, are algebraically independent over k and B is a finite
module over A := k[by,...,b.]. Note that each b; = @, for some a; € I\ml.

We are now in an Artin-Rees like situation. B is a finite, graded module over the graded ring A, and
as such we can take finitely many homogenous elements cy,...,cs; € B that generate B as an A-module.
If n is the maximum degree of any c;, then it follows that for all ¢t > 0, B,,1+ = A; - B,,. In particular,
By,y1 = A1 B,,. Interpreting this in terms of R, we have I"Tt C JI" + mI"*!, where J = (ay,...,a,)R. We
note two things: (i) 1"t C JI™, by Nakayama’s lemma and (ii) dim(B) = dim(R). The second of these
follows since (say by Atiyah-MacDonald, Chapter 11), R/IR = @, 1" /1", the associated graded ring
of R with respect to I, has dimension equal to dim(R). Since m"R C IR C mR, it follows that R/IR and
B have the same dimension. Thus, 7 = d and J is generated by a system of parameters. Since J C I and
JI" C It we have JI" = "1,

We now show J = I. Now let ¢ C R be a minimal prime ideal. By Lemmma B3, it is enough to show
that the image of I in R/q and the image of J in R/q have the same integral closure. Since the identity
I"t1 = JI™ also holds modulo ¢, we may replace R/q by R and assume that R is an integral domain. Let
V be a DVR between R and its quotient field. Then, I"T'V = JI™V. Since the ideals IV and JV are
principal ideals, we may cancel I from both sides of this equation to get IV = JV. Since this holds for all
DVRs V, we have I = J, by Theorem A5. a

We now begin our discussion of multiplicities. We will prove a standard result about the existence of
Hilbert polynomials associated to graded modules over a graded ring. The following is a key technical
lemma needed for the induction part of the proof of the existence of Hilbert polynomials. For this lemma,
we need the following remark concerning primary decomposition in modules. We will use the fact below that
the zero submodule of M is in intersection of primary submodules, each of which is a graded submodule of
M.

Remark. Let A/ be a Noetherian ring and M a finitely generated A-module. A submodule N C M is said

to be P-primary, for the prime ideal P C A if Asss(M/N) = P. Note that if I C A is an ideal, then this

is saying the same thing as I is P-primary, since then Ass,(R/I) is P-primary. Moreover, since a prime

minimal over the annihilator of a finitely generated A-module is an associated primes, if N is P-primary,

then P° . (M/N) = 0, for some S. Further, if M is a finitely generated A-module, then the zero submodule
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of M has a primary decomposition in terms of primary submodules of M. Finally, if A is a graded ring and
M, N are graded modules, then the associated primes of M/N are homogeneous.

Lemma G5. Let A = @, -, An be a finitely generated R-algebra, where Ay = (R,m, k) is a local ring
with infinite residue field. Write M for the homogeneous mazximal ideal (m, A, )A. We assume that A is a
standard, graded R-algebra, i.e., A = R[A;]. Let M = ,,~, My be a finitely generated, graded A-module.
If Ass(M) # M, then there exists f € Ay and ¢ > 0 such that (0 :p; ) =0, for all n > c. In other words,
elements in M annihilated by f are concentrated in degrees less than c.

Proof. Let (0) = NyN---N N, N Npy1 N---N Ny be a primary decomposition, where for 1 < i < r,
Assa(M/N;) = Q; does not contain Ay and for r +1 <4 < s, Ay C Q; = Ass(M/N;). We claim there
exists f € A; such that f € Q1 U---UQ,. Suppose the claim holds. Take ¢ > 0 such that for r +1 <i <'s,
(M/N;),, = 0, for n > c. This is possible since each M/N; is annihilated by a power of A, .2 Then for n > c,
if b € M,, and fb = 0, then, on the one hand, fb € N; for all 1 < i < r, which, by the choice of f, implies
b € N;, all i. On the other hand, by the choice of ¢, b € N1 N---N Ng. Thus b belongs to all of the primary
components of (0), so b = 0.

For the claim, consider the k-vector space V := A;/mA; and the subspaces L; := ((Q;)1 + mA;)/mA;,
1 <4 < r. These are proper subspaces of V, for if say, L; = V, then A; = (Q;)1 + mA;. Since A is a
standard graded algebra, this implies A, C @Q; + MA,, which by Nakayama’s lemma (the graded version)
implies A, C @;, a contradiction. Thus, the subspaces L; are proper subspaces of V', and since k is infinite,
there exists f € V\(Ly U---U L,). Thus, f € Ay, but f is not in any Q;, as required. O

Definition and comments. One can draw a similar conclusion to Lemma 5G if k is not infinite. One
uses the homogeneous form of prime avoidance. This, together with the definition of the @);, impliy that
Ay € Q1 U---UQ,, and thus, there exists a homogeneous ring element f not in Q1 U--- U Q,, and the
conclusion of the lemma still holds for this f. However, f may not be homogeneous of degree one. Such
elements are called superficial elements, and if f € Ay, then f is a superficial element of degree d. Thus,
superficial elements of some positive degree exist, but superficial elements of degree one need not always
exist.

Facts about numerical polynomials. A numerical polynomial is a polynomial P(z) € Q such that
P(n) € Z, for all n € Z (or equivalently, all n € N). Note that the polynomial associated to the binomial
coefficient, (I:d) = 4 - (@+d)(x+d—1)---(z+1) is a numerical polynomial of degree d. A function
f:7Z — Z is said to agree with a numerical polynomial for n >> 0 if there exists ng € N and a numerical

polynomial F(x) such that f(n) = F(n), for all n > ng. We will use the following two facts.

(i) Any numerical polynomial P(x) of degree d can be written uniquely as

x+d r+d—1 z+4+0
a5 o ()
with the e; € Z. To see this, first note that since each (x;rd) has degree d, these polynomials form a basis
for Q[z] as a vector space over Q. Thus any polynomial in Q[z] can be written uniquely as a Q-linear
combination of the (C”Id). However, if P(z) is a numerical polynomial, then one can show by induction on
the degree of P(z) that the coefficients e; above must be integers. Note also, that if P(n) € N, for n € N,
then ey € N.

(ii) Suppose f : N — N has the property that f(n+ 1) = f(n) agrees with a numerical polynomial of degree
d for n >> 0. The f(n) agrees with a numerical polynomial of degree d+ 1 for n >> 0. To see this, suppose
suppose f(n+1) — f(n) = P(n), for n >> 0, where

p(x)iejcjl‘fj__j).

Jj=0

2To see this, suppose A - (M/N) =0. Then X := M/N is a finitely generated graded module over B := A/AS. Since A
is a standard graded algebra, B, = 0, for all n > e. Since there exists ng such that X, = Bp_noXn,, for all n > ng, X =0,
for n —ng > e.
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Set

Then, for n >> 0,

= —Jj+1 -Jj+1
d n+d—j

;)ej( d—j )

= fln+1) = f(n)

It follows that (F — f)(n+1) — (F — f)(n) =0, for n >> 0. Thus, (F — f)(n) = ¢, a constant for n >> 0.
Therefore, f(n) = F(n)—c¢, for n >> 0, which shows that f(n) agrees with a numerical polynomial of degree
d+1 for n >> 0.

We need one more observation before proving the main theorem concerning the existence of Hilbert
polynomials.

Comments on extending the residue field. (i) Let (R, m, k) be local ring with finite residue field k.
Take an indeterminate y and consider the ring the ring R[y]nr,). This ring is denoted R(y). Then R(y) is
a faithfully flat local extension of R whose maximal ideal is mR(y) and whose residue field k(y) is infinite.
Let U C V be two R-modules such that A(V/U) = 1. Then there is an exact sequence

0=-U—-V—=>k—=0.
If we tensor this exact sequence with R(y), we have
0—-U®R(y) = V&Ry) — ky) =0,

where k(y) is the residue field of R(y). Thus, Ag)(V ® R(y)/U ® R(y)) = 1. It follows that if C' is a finite
length R-module having length ¢, then C' ® R(y) is a finite length R(y)-module with length c. In particular,
if J C R is an m-primary ideal, then since JR(y) = J ® R(y), A(R/J) = A(R(y)/JR(y)).

(ii) Now suppose A is a standard graded ring, finitely generated as an algebra over Ag = (R, m, k). Then
A:=A®pR R(y) is a standard graded ring, finitely generate as an algebra over R(y) and if M is a finite,
graded A-module, then M := M ®p R(y) is a finite, graded A-module. Tt is straightforward to show that
since R(y) is faithfully flat over R, then A is faithfully flat over A. In fact, if U = R[y]\mR]y], then A can
be identified with Afy]y. Now suppose dim(M) = d. Then dim(A/J) = d, where J is the annihilator of M.
If we take a set of generators x1,...,z, of M, then we have an exact sequence

0—)J—>A£>M@---@M,

where ¢(a) = (axy,...,axq), for all a € A. If we tensor this exact sequence with A, we have an exact
sequence
O%J@,q[l%fl@f]\]@m@]\l,

where ¢®1 takes @ € A to a(z;®1) in each component. Since the o®1 generate M, wehave J@ A= JAis
the annihilator of M. Now, the fibers over the faithfully flat extension AJJ C fl/ JA are just the fibers over
P C A for the inclusion A C A, for those primes P with J C P. Since the fibers of the inclusion A C A are
zero dimensional®, it follows from what we have done in the previous section that dim(A?J) = dim(A/JA).
Hence dim(M) = dim(M). Finally, the discussion in (i) above shows that

)‘R(y) (Mn) = )‘R(y)(R(y) QR Mn) = )‘R(Mn)v

for all » > 0. This shows that in finding the Hilbert polynomial of a graded module, we may assume that
the degree zero component of the underlying ring has an infinite residue field.

Here is the main theorem concerning Hilbert polynomials of N-graded modules.

31f p C A is a prime ideal, then the fiber over P in A is just k(p)(y).
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Therem H5. Let A= @, -, An be a finitely generated R-algebra, where Ag = (R, m, k) is a local Artinian
ring with infinite residue field. We assume that A is a standard, graded R-algebra, i.e., A = R[A1]. Let
M = @, ~o M, be a finitely generated, graded A-module. Then Hpr(n) := Agr(M,) < oo, for all n and
Hy(n) agrees with a numerical polynomial Py (x) of degree dim(M) — 1, for n >> 0.

Proof. By the comments above, if need be, we may replace A by R(y) ®r A and M by R(y) ®r M. This
preserves the lengths and dimensions in question, so we may pass to R(y) and upon changing notation assume
that residue field of R is infinite. To see that A(M,,) < oo for all n, note that My®M;®-- - &M, = M/M>p41
is a finite A-module annihilated by AT‘l. Thus, it is a finite A/Ai“—module. This latter ring is finite over
R, which implies that Mo @ M; ® --- ® M, is a finite R-module. Thus, each Mj; is a finite R-module, and
therefore has finite length.

To show the existence of Pys(n), we induct on dim(M). If dim(M) = 0, then any prime ideal ) minimal
over the annihilator of M is a maximal ideal. On the other hand, since M is a graded A-module, it associated
primes are graded. Since Ay = R is local, M is the only graded maximal ideal.* Thus A is contained in the
annihilator of M, which implies M,, = 0, for n >> 0. Thus, we may take Pys(x) to be the zero polynomial,
which by standard convention has degree -1.

Now suppose dim(M) > 0. Then Ass(M) # M, so by Lemma G5, there exists f € A; a superficial
element on M. We will assume f has been chosen as in the proof of Lemma G5. Note that in this case,
since R = Ay is zero-dimensional, M is the only prime ideal in A containing A,. Suppose ¢ > 0 satisfies
(0:p1 f)n =0, for all n > c¢. We have an exact sequence of graded A-modules

M5 M~ M/fM o0,
which induces an exact sequence of R-modules
M,_y 5 M, — (M/fM), — 0,
for all n. Our choice of n implies that the sequence
0= M,_y -5 M, — (M/fM), -0,

is exact for all n > ¢ + 1. It follows that Hys(n) — Hy(n — 1) = Hpp/pa(n), for all n > ¢+ 1. Our choice
of f, and the fact that dim(M) > 0, imply that f is not in any prime minimal over the annihilator of M, so
that dim(M/fM) = dim(M) — 1.°> By induction, Hys, s (n) agrees with a numerical polynomial Py, s ()
of degree dim(M/fM) —1 for n >> 0. On the other hand, since Hys(n) — Hy(n — 1) = Hprypar(n), for all
n > c+ 1, by the second remark above concerning numerical polynomials, Hjs(n) agrees with a numerical
polynomial, say Pys(z), for n >> 0 whose degree equals 1+degree( Py sar(x)). But 1+degree( Py sar(x)) =
dim(M) — 1, which is what we want. O

Definition. The function Hjs(n) above is called the Hilbert function of M, while the polynomial P, (x) is
called the Hilbert polynomial of M.

We now want to apply the theorem above to the associated graded ring of an m-primary ideal. Recall
that the associated graded ring of a Noetherian ring R with respect to an ideal I C R,

G =/t =R/IR,
n>0
where R is the Rees ring of R with respect to I. Note that as an R/I-algebra, G = R/I[I/I?], so that G is

a standard graded, finitely generated R/I-algebra. If I is m-primary, then R/I = Gy is an Artinian ring, so
Theorem H5 applies. We give two versions of the Hilbert polynomial associated to m-primary ideal I.

Corollary I5. Let (R,m,k) be a local ring of dimension d and I C R an m-primary ideal.
(i) The function H(n) := Ar(I"/I"*') agrees with a numerical polynomial Pr(z) of degree d — 1, for
n >> 0.

A1¢ g C A is a proper graded ideal, and a € J, write a = ag + a1 + - - - as, with each a; € J. Then each a; € J. In particular
ao € J, and ag is not a unit so, ag € m. Moreover, a —ag € Ay, so J C (m, A;)A =M.
5Note that the primes containing the annihilator of M/fM are the primes containing f and the annihilator of M, which
shows dim(M/fM) = dim(M) — 1.
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(ii) The function Hy(n) := A(R/I"*!) agrees with a numerical polynomial Ps(z) of degree d, for n >> 0.
Proof. The first statement is immediate from Theorem H5, since dim(G) = d. The second statement follows
from the first, by our discussion of numerical polynomials, since Hy(n) — Hy(n—1) = Pr(n), forn >> 0. O

Definition. Maintaining the notation from Corollary I5, it follows from the discussion above on numerical
polynomials, that we can write

r+d r+d—1
PI(HC):@o( d )+€1( d—1 >+-~-+6d1,

where each e; € Z and ey > 0. The integer e is called the multiplicity of I and is denoted e(I). Note that

if we write Pr(z) in the form goz® + q12¢~1 + - - + qq, with each ¢; € Q, then gy = ?((1])? Thus,

Note that e(I) is also the normalized leading coefficient of Py (x), since Pr(z) — Pr(z — 1) = Pr(z).

For some of our results below, we will need refine the superficial element argument from above, which we
do in the proposition below.

Definition. Let I C R be a ideal in the Noetherian ring R. a € I is said to be a superficial element for I if
there exists ¢ > 0 such that (I" :a) N I¢=I""1 forn > c.

Proposition J5. Let (R, m, k) be a local ring with infinite residue field and suppose I C R is an ideal having
height greater than zero. Then:

(i) There exists a € I, a superficial element for I, that is also a minimal generator for I.
(ii) If grade(I) > 0, then there exists a superficial element for I that is both a minimal generator for I
and a non-zerodivisor.
(iii) If a € I is superficial for I, and a non-zerodivisor, then (I" : a) = I"~!, for n >> 0.

Proof. We will prove parts (i) and (ii) at the same time. Let G denote the associated graded ring of R. By
proof of Lemma G5, if a € I/I? has the property that its image @ in G; does not belong to any associated
prime of (0) in G that contains G, then, in the ring G, @ is superficial in the sense described there. Suppose
@ is such an element (which exists, by Lemma G5). Let ¢ be as in Lemma G5. Then suppose b € (I" : a)NI¢,
with n > c. If b € I" 1, choose e maximal such that e > ¢, yet e < n — 1 with b € I¢. Then b € G.. Now, on
the one hand, @ € G1,s0a@-b € Ger1- But abe I" and n > e+ 1, so @-b=01in G. Since e > c, this means
b=0,i.e., bec I contrary to the choice of e. Thus, in fact, b € I" ™!, so a is a superficial element for I.

Now let us write G = R/IR, where R is the Rees ring of R with respect to I. Then a primary de-
composition of (0) in G corresponds to a primary decomposition of IR. Let Q1,...,Q, be the associated
primes in a primary decomposition of IR that do not contain Ry. Let J; = {a € R | at € Q;}. Note
that by definition, I ¢ J;, therefore J; N I is properly contained in I. Write d := dimy(I/mI) and take
J = (ag,...,aq)R, where the images of the a; in I/mI are linearly independent. Then the subspaces
(Ji+wml)/mI,....(J, +ml)/mI,(J+mI)/ml are proper subspaces of the k-vector space I/mI. Take a € I
such that its image in I/mI does not belong to any of these subspaces.

Then, one the one hand, a ¢ J; all 4, so at € @Q; all i. Thus, by our discussion above, a is a superficial
element for I. On the other hand, since the image of a in I/mI does not belong to (J +mI)/mlI, the images
of a,as,...,aq in I/mI are linearly independent over k, and thus form a minimal set of generators of I. In
particular, a is a minimal generator of I. This gives (i). If in addition grade(l) > 0, let Py,..., P; denote
the associated primes of R and set W; := P; N I, for each ¢. Then since I ¢ P;, W; is properly contained in
I. Thus the subspaces (W; +mI)/ml are proper subspaces of I/mI and if a is chosen so that its image in
I/mI also avoids these subspaces, then a ¢ P;, for all ¢, and thus, we have that a is also a non-zerodivisor.

Finally, take a € I as in the statement of (iii). By the Artin-Rees lemma, there exists £ > 0 such
that 1" N (a) € I"7F, for all n > k. Let ¢ be as in (i). For any n > ¢ + k, suppose ra € I". Then
ra € I" N (a) C I"*a. We can write ra = ia, with i € I""*. Then (r —i)a = 0, and thus, r = i, since a is
a non-zerodivisor. Therefore, r € I"~% C I¢ since n > k + ¢. Therefore r € (I" : a) N I¢ = I, which is
what we want. O
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Applications of Superficial Elements. We assume that (R, m, k) is a local ring of dimension d > 0, and
I C R is an m-primary ideal.

(i) Suppose a € I is a superficial element and a non-zero divisor. Set R* = R/(a). Then e(I) = e(IR*).
To see this, note that by (iii) in the proposition above, (I" : a) = I"~!, for n sufficiently large. Thus, the
sequence
0—R/I"™" 3 R/I" - R/(I",a)R — 0,
is exact for large n. Since R/(I"™,a)R = R*/I"R*, we have
NB/I) = A(R/™) = MR [I"R)

for n >> 0. Thus, Prg-(x) = Pr(xz)— Pr(z—1). Now, if f(z) is a polynomial of degree d, then f(z)— f(x—1)
is a polynomial of degree d — 1 whose leading coefficient is d times the leading coefficient of f(x). Thus, the
normalized leading coefficient of Pjr«(n) is e(I), which gives e(IR*) = e(I).

(ii) This item shows that one can often assume that the ideal I has a superficial element that is a non-
zerodivisor. Suppose depth(R) = 0, so that I does not contain a non-zerodivisor. Let L be the stable value
of the increasing chain of ideals (0 : I) C (0 : I?) C ---. Let’s first note that I" N L = 0, for n >> 0.
Suppose L = (0 : I°). By the Artin-Rees lemma, there exists k such that I"NL C I""*L. When n — k > ¢,
I""1L = 0, which gives what we want. Now, for all n, we have an exact sequence

0— (I"+L)/I" — R/I" = R/I"R — 0.

Thus A(R/I"™) = A(R/I"R) + \((I" + L)/I"). However (I" + L)/I") = L/(I" N L) = L, for n >> 0. Thus,
Pr(z) = P;(x)+A(L). Since dim(R) > 0, Pr(x) has degree greater than zero. Thus, the normalized leading
coefficients of P;(x) and P, z(x) are the same, so that e(I) = e(IR). However, IR has grade at least one.
To see this, suppose grade([f%) = 0, Then there exists 0 # 7 € R such that 7 - IR = 0. Interpreting this in
R, we have I C L. Thus, I - I¢ = 0. Therefore, r € (0: I°*!) = (0: I°) = L, a contradiction. Therefore,
grade(] R) > 0. This shows that we can always pass to a ring in which the multiplicity of I stays the same
but the image of I has a superficial element that is a non-zerodivisor (when the residue field is infinite).

(iil) Assume I is generated by a system of parameters. Then e(I) < A(R/I). To see this, we may assume
k is infinite. Now induct on d. Suppose d = 1, so I = aR. Let L be as in (ii). Then e(aR) = e(aR). Now
in R, the image of a is a non-zerodivisor, so we we have that R/(d) = a" 'R/a™R, for all n. Applying this
to the filtration (0) € ¢”R C a” 'R C --- C R, shows that A(R/a"R) = A(R/aR) - n, for all n. Thus,
MR/aR) = e(aR) = e(aR). Since A(R/aR) < A(R/aR), we have e(aR) < A(R/aR), which is what we want.
The inductive step is similar. Let L be as in (ii) and R = R/L. Then e(I) = e(IR) and A(R/IR) < A(R/I).
Thus, if we can prove the inequality we seek over R, it will hold in R. Note, that L is a nilpotent ideal,
so that dim(R) = dim(R), and hence IR is generated by a system of parameters. Changing notation, we
now assume that grade(I) > 0. Now, by Proposition J5, we may assume that the first generator, say a,
of I is a superficial element and a non-zerodivisor. Setting R* := R/aR, by (ii), we have e(IR*) = e(I).
IR* is generated by a system of parameters, so by induction e(IR*) < A(R*/IR*). But R/I = R*/IR*, so
AR/I) = M(R*/IR*), which completes the proof.

Remark. (i) For R and I C R as above, suppose a € I is any element such that dim(R/aR) = dim(R) — 1,
e.g., a is part of a system of parameters for R. Then the exact sequence

0— (I"tt:a)/T" — R/I" % R/I™ — R/(I",a) — 0,

gives A(R/I™Y) — M(R/I™) = AN(R/(I",a)) + A((I"T! = a)/I™), which shows that e(I/aR) > e(I). This
clearly extends to R/J for any ideal J generated by part of a system of parameters, but does not extend to
an arbitrary ideal J.

(ii) Since our main goal is the Rees multiplicity theorem, we are interested in the relevant results con-
cerning the multiplicity of ideals in local rings. However, certain technical results needed along the way
are made easier by extending the notion of multiplicity to modules. To that end, let (R, m) be a lo-
cal ring of dimension d, I C R an m-primary ideal, and M a finitely generated R-module. Then the
module M = @, -, ["M/I" "M is a finitely generated G-module. Thus, by Theorem H5, the lengths
Ar(I™/I"T1M) agree with a numerical polynomial of degree dim(M) — 1, for n >> 0. In particular, this
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polynomial has degree less than or equal to d — 1. It follows that the polynomial Py p;(x) that agrees with
MM /I"M) for n >> 0 has degree less than or equal to d. This enables us to define a multiplicity function
e(I,—) as follows: e(I, M) = lim, 7% “MM/I"M). Of course, e(I,R) = e(I).

The next proposition plays a key role in the proof of the associativity formula for multiplicities. The
associativity formula often allows one to reduce a question about the multiplicity of an ideal in a local ring
to the same question when the ring is a domain. This will be especially important when we relate the
multiplicity of an ideal to the Rees valuation rings associated to the ideal.

Proposition K5. Let (R, m, k) be a local ring, I C R an m-primary ideal, and 0 - A — B — C — 0 be an
exact sequence of R-modules. Then e(I,B) = e(I,A) +e(I,C).

Proof. For all n > 1, we have an exact sequence
0—-A/(I"BNA)— B/I"B— C/I"C — 0,
and thus
AMB/I"B) = AMA/(I"BnNA))+ \C/I"C), (%)
for all n. Now, by the Artin-Rees lemma there exists ¢ > 0 such that I"BNA C I" €A, for all n > ¢. Thus,
AA/I"CA) < ANA/I"BNA)) < MNA/IMA), (xx)
for all n > c. Applying lim, o 25 - A(—) to (**) shows that lim, oo % - A(A/(I"B N A)) exists and equals
e(I, A). Therefore, applying lim,, o % - A(—) to equation (*) gives what we want. a
Corollary L5. Let (R,m,k) be a local ring of dimension d, I C R an m-primary ideal and M a finitely
generated R-module. Then degree Py p(x) = dim(M). Thus, e(I, M) = 0 if and only if dim(M) < d.

Proof. The second statement follows immediately from the first. For the first statement, we may mod out
the annihilator of M and assume that the annihilator of M is zero. This holds because neither the dimension
of M nor the lengths of M/I™M change when viewing M as an R-module or a module over R modulo its
annihilator. We now have dim(M) = dim(R) and an inclusion R < M & - -- @ M, where this map is defined
as in the second comment above concerning extending residue fields. Set C:= M & --- @& M, so that C' is a
finite R-module. It follows from the proposition above that e(I, R) < e(I,C). Thus, the degree of P; ¢ (z)
is greater than or equal to the degree of Pr(x), which is dim(R). On the other hand, we always have that
degree P co(z) < dim(R), so equality holds. Since P; c(x) and Py p(x) have the same degree, the proof is
complete. O

Remark. For the proof of the associativity formula, we need the following standard fact. If M is a finite
module over the Noetherian ring R, then there exists a filtration (0) = My € M; C --- C M, = M such
that each quotient M;/M;_1 = R/P;, for some P; € Spec(R). To see this, let M’ be maximal among all
submodules of M admitting a filtration of the required type. The set of such modules in non-empty, since
if P € Ass(M), R/P is isomorphic to a submodule of M. If M’ # M, then we can extend the filtration one
step beyond M’ by considering a submodule of M /M’ corresponding to R/P, for P € Ass(M/M").

Proposition M5. (Associativity formula) Let (R, m, k) be a local ring, I C R an m-primary ideal and M
a finitely generated R-module. Then

e(I, M) =Y e(I,R/P)A(Mp),
P
where the sum is taken over all primes P € Spec(R) such that dim(R/P) = (R). In particular,

e(I) =Y _e(IR+ P)/P)\(Rp).

P
Proof. Let (0) = My € M7 C M, = M be a filtration of M with each M;/M;_1 =2 R/Q;, for each 1 <i <,
and Q; € Spec(R). Now, for each i, there is a short exact sequence
0—-M;_1 - M; — Mi/Mifl — 0,
from which it follows that e(I, M;) = e(I, M;_1) + e(I, M;/M;_1). Putting these equations all together

shows that e(I, M) =3, e(I, R/Q;). By Corollary L5, e(I, R/Q;) # 0 if and only if dim(R/Q;) = dim(R).
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Thus, the only terms in the sum e(I,M) = > e(I,R/Q;) that are non-zero, are the terms for which
dim(R/Q;) = dim(R). Suppose Q; satisfies dim(R/Q;) = dim(R). @; may appear more than once. We
note that the number of times R/(Q); appears in the filtration of M is A(Mg,). Localize R and M at Q;.
Then Mg, is a finite length Rg,-module, and the original filtration localizes to a new filtration whose factors
are just k(@;), and none of the original factors corresponding to R/Q; are lost. This new filtration is a
composition series for Mg, and the number of factors is A(Mg,), which gives what we want. Finally, if
P € Spec(R) satisfies dim(R/P) = dim(R) and P does not appear in the filtration of M, then Mp = 0. So
it can harmlessly be included in the sum e(I, M) =", e(I, R/Q;). This shows

e(I, M) =Y e(I,R/P)A(Mp),
P
where the sum is taken over all primes P € Spec(R) such that dim(R/P) = dim(R). O

The following proposition is another type of associativity formula, and is quite useful in calculating
multiplicities. For this we need the following general observation.

Observation. Suppose R C S are integral domains with quotient fields K C L, respectively. Assume S is
finite over R, so that L is a finite extension of K. Then there exists a free R-module F' C S and a non-zero
element r € R such that S C F. To see this, let U C R be the set of non-zero elements. Then Sy is finite,
and hence integral, over Ry = K. Thus, Sy is a field. Since Sy C Ly = L, Sy = L. Thus, every element in

the quotient field of S is a fraction of the form *, where s € S and u € R. Now suppose lel, e Z—tf form a
basis for L over K. Then the R-module F := Rs; +--- + Rst is a free R-module of rank ¢ contained in S.
On the other hand, if s € S, we can write s = al— + - 4+ a2+, with each «; € K. Clearly denominators

shows that there exists 0 # ry € R such that rgs E F. Slnce S is a finite R-module, there exists 0 # 1 € R
with »S C F.

Proposition N5. Let (R, m, k) be a local domain with quotient field K and S an integral domain that is
a finite R-module. Let L denote the quotient field of S, ny,...,n,. denote the maximal ideals of S, and set
k; := S/n;. Then for any m-primary ideal I C R,

e(I) - [L: K] = e(ISn,)[ki : k.

i=1
Proof. Let FF C S be as in the observation above and take 0 # r € R such that S C F. Then r annihilates
S/F, and thus dim(S/F) < dim(R). Therefore, e(I, F/S) = 0. Additivity of the multiplicity symbol applied
to the exact sequence 0 -+ F — S — S/F — 0, gives e(I,S) = e(I, F). Here we are thinking of S and F as
R-modules. Since F' is free of rank [L : K] over R, we have e(IF) = e(I)[L : K]. We must now show that
e(1,8) =3i_, e(ISn,)[ki : k].

On the one hand, e(7, S) = lim,,_, oo %?)\R(S/I”S). On the other hand, since Ar(k;) = A\ (k;) = [k; : K], if
H is an Sy,-module with finite length, additivity of the length function shows that Ag(H) = [k; : k|)\s, (H).
Thus, Ag(Sn,/1"Ss,) = [ki : k]As,, (Sn; /ISs,). Since I"S = (I"Sy, N.S) N --- N (I"Sy, N S), and the ideals
ISy, NS are co-maximal, we have an isomorphism of R-modules.

S/I"S = S/(I"Sey, NS)® - ®S/(I"Sn,. NS),
for all n > 1. Thus,
Ar(S/I"S) = Ar(S/(I"Sn, NS)) + -+ + Ar(S/(I" Sy, N S)).
However, n; is the only maximal ideal of S containing ISy, N S, so that the ring S/(I™S,, N.S) is local, i.e.,
S/(I"Sy, NS) = Sy, /I"S,,, for all i. Therefore,
AR(S/T™S) = Ap(Say /1" Sny) + -+ 4+ Ar(Sn, /1" Sh,)).
From the first sentence of this paragraph we have

AR(S/I"S) = [k1 : k|As, (Su, /1" Sn,) + -+ + [kr : k]As, (Sa, /1" Sn,).

multiplying this last equation by Z—(; and taking the limit as n — oo gives e(IS) = Y.._, e(IS,)[k;i : K,
which is what we want. O
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The following theorem due to DK provides a natural way to connect the multiplicity of an I-primary ideal
to its Rees valuations rings. The result can be stated for rings that are not integral domains, but we will
only need it in the domain case.

Theorem O5. Let (R,m,k) be a local domain of dimension at least two, and I = (aq,...,aq)R an ideal
generated by a system of parameters. Set T := R[%’ ... Gd- a1y Then e(I) = e(IT).
ad

] a
»Tag ImR[ZL

Proof. Without loss of generality, we may assume that k is infinite. We induct on dim(R). Suppose
dim(R) = 2. It follows from Proposition J5, that there exists a} € I such that a; is a minimal generator
and a superficial element for I. Moreover, a) can be chosen to have the form a; + ras,for some r € R. Note

that I = (a},a2) and R[%] = R[%], so we may begin again assuming that a; is a superficial element for I.

We consider the natural homomorphism ¢ from the polynomial ring R[z] — R[¢!] taking = to g. As
in the proof of Proposition D5, we let K be the kernel of this homomorphism, and L := g(x)R][x], where
g = az2x — a;. We still have that a§ - K C gR[z], for some c¢. Note that Kg is the kernel of ¢g which map
obtained by inverting the elements S in R[z], not in mR[z]. We will write R(x) for R[z]s and note that ¢g
maps R(z) onto T

We claim that g is superficial for I R[z] = (g, az) R[x]. To see this, suppose ¢ > 1 satisfies (I" : ay) = I"71,
for n > c. (Note that 21 is a non-zerodivisor.) Suppose f - g € I"R[z], where f =" _r;z".

fg=—airo + (agro — ayry)x + - + (agrs_1 — ay7rs)x® + agrox®*L.

It follows that 79 € (I™ : ay), so 79 € I"~!. Therefore, asrg € I"™, which implies, r, € (I" : a;). Thus,
ry € I"" 1. Inductively, we see that r; € I"~! for all i, so f € I""'R[x]. Therefore, g superficial for
IR(z). Thus e(I) = e(JR(x)) = e(IR(z)/gR(x)). Set A := R(x)/gR(z)), so e(I) = e(IA). Over A we
have an exact sequence of A-modules 0 - KA — A — T — 0. Note that a power of as annihliates
KA, and since ay is part of a system of parameters for A (in this case, an entire system of parameters),
this means dim(K A) < dim(A). Therefore, e(IA, KA) = 0. By the additivity of the multiplicity symbol,
e(IA,A) =e(I,T), which gives what we want.

Now suppose the result holds for local domains of dimension d — 1. As before, we may assume a; is
superficial for . Set T := R[{],per). Exactly the same proof as above shows that e() = e(IT}).
ad

The ring T} is a (d — 1)-dimensional local ring with system of parameters as, ...,aq. Thus, by induction
e(IT1) = e(IT*), where T* = T1[$2,..., QZ;I]. However, it is readily seen (as in the proof of Proposition
E5) that
ai aq—1
T* :R[;d’ s aq mR[Z—;,»--’aigl] :T7
which completes the proof. O

The next two theorems are due to D. Rees. The proofs are due to DK. The proofs use the following
standard fact, namely, that if I is an m-primary ideal in a local ring with infinite residue field, there exists
an ideal J C R, generated by a system of parameters, such that e(J) = e(I). This is essentially equivalent
to the conclusion of Proposition F5, and is the form of Proposition F5 first given by Northcott and Rees.
To see this, note that the proof of Proposition F5 shows that there exists an ideal J C I generated by a
system of parameters such that JI™ = I"*! for all n large, say n > ng. Therefore, J*~"0 " = [" for all
n > ng. It follows that for all n > ng, I C J*~"0 C "~ "0, Thus, for n >> 0, Pr(n —ng) < Py(n) < Pr(n),
which shows e(J) = e(J).

In a similar vein, suppose J is an m-primary ideal and a € R is integral over J. Then there exists an equation
a"+j1a" 1+ -+j, = 0, with each j, € J*. This implies a™ € J(z,J)" !, which gives (a, J)" = J(a, J)" L.

Thus, the same argument as above shows e(a, J) = e(J). Since J is finitely generated, this shows e(J) = e(.J).
Therefore, if I = J, for m-primary ideals I, J C R, then e(I) = e(J).

Remark. Suppose V is a DVR with uniformizing parameter = and quotient field k. Then any non-zero

element ¢ € K can be written uniquely as un™, for some n € Z. This enables one to define a function

v: K = ZUoco by v(a) = n, if a € K is non-zero and a = un™, and v(0) = co. The function v is called

the wvaluation associated to V. If J C V is an ideal, we write v(J) for v(a), where J = aV. This is the
42



minimum value v(j), with j € J. Note that if v(J) = e, then Ay (V/J™) = en for all n, so that e(J) = e, i.e.,
e(J) =v(J), for all ideals J C V.

Theorem Q5. Let (R, m, k) be an analytically unramified local domain with infinite residue field and I C R
an m-primary ideal. Then there exist finitely many DVRs Vi,...,V,. between R and its quotient field, and

finitely may positive integers dy,...,d, such that e(I) = >\, d;yv;(I), where v; is the valuation associated
to V;.

Proof. If we take J C R such that J is generated by a system of parameters with e(J) = e(I), we may
replace J by I and begin again, assuming that I = (aq,...,aq)R is generated by a system of parameters.

Taking T as in Theorem O5, we have e(I) = e(IT). Now, by Rees’s theorem on analytically unramified
local domains, 7" is a finite T-module. Since T and 7" have the same quotient field, applying Proposition
N5 gives e(IT) = Y.._, d;e(IV;), where d; = [V;/my, : k]. By the preceding remark, e(IV;) = v;(I), which
completes the proof. O
Remark. (i) Theorem Q5 was proven by Rees in a much more general form, essentially for any m-primary
ideal in any local ring. However, one can achieve the general result by first extending the residue field, then
passing to the completion of R, and modding out each minimal prime. The resulting rings are analytically
unramified and quasi-unmixed. Rees’ proof did not use the ring 7', but rather used his earlier work on
valuations associated to ideals (via the extended Rees ring).

(ii) The proof of Theorem Q5 shows that e(I) is determined by the DVRs lying above the ring T', while
Proposition E shows that R must satisfy the dimension formulas (equivalently, be quasi-unmixed) in order
for the DVRs above T to determine the integral closure of I. This is one way to explain the need for the
quasi-unmixed hypothesis in the multiplicity theorem of Rees.

We are now ready for the main theorem of this section.

Theorem R5. (Rees Multiplicity Theorem) Let (R, m, k) be a quasi-unmized local ring, and J C I m-primary
ideal. If e(J) =e(J), then J = 1.

Proof. We make a series of reductions. First, we may assume that k is infinite. This follows, since using
R(z) as before, e(I) = e(IR(z)) and IR(X) = IR(z), and hence IR(x) N R = I, and similarly for J.
Since I and J are m-primary ideals, A(R/I") = A(ﬁ/[“ﬁ) for all n, and similarly for J. Thus, e(IR) = e(Jﬁ).
IfIR=J ﬁ, then I = J, by the first part of the proof of Theorem M3. Thus we may may replace R by R
and assume that R is a complete, equidimensional local ring with infinite residue field.

Now, by the associativity formula,

e(I) =Y _e(I,R/P)MRp) and e(J) =Y e(J,R/P)A(Rp),

P P
where the sums are taken over all primes P € Spec(R) such that dim(R/P) = dim(R). Since R is equidimen-
sional, this set of primes is excatly the set of minimal primes of R. Now, since J C I, e(J, R/P) > e(I, R/P)
for each term in the sums above. Since the two sums are equal, we must have e(J, R/P) = e(I, R/ P), for all
minimal primes P C R. If the conclusion we seek holds over each R/P, then J = I, by Lemma B3. Thus, it
is enough to prove the theorem under the further assumption that R is a complete local domain with infinite
residue field.

Now, by Proposition F5 and the Remark preceding Theorem Q5, we may assume J = (a1, ..., aq) is generated
by a system of parameters. Set T := R[Z—;, s, 2dd By Theorem O5,

|oprar eac .
’oag JmR[E, 0]

e(I)=e(J)=e(JT) > e(IT).
We claim that e(IT) > e(I). To see this, consider the ring S := R(z1,...,24-1), the localization of

R[zq,...,24-1] at mR[x1,...,24—1]. Note that there is a natural ring homomorphism « from S onto T,
which is just the localization of the homomorphism from Proposition D5. Like in the proof of Proposition
D5, we set L = (agxy — ay,...,aq24—1 —aq—1)S, (though now S is the polynomial ring localized) and set K

to be the kernel of a. Let A := S/LS. We now argue as in the proof of Theorem O5. Since L is generated
by part of a system of parameters for S, e(I) = e(IS) < e(IS/LS) = e(IA). On the other hand some power
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of ag multiplies K into L, so that the image of this element in A annihilates KA. Thus e(IA, KA) = 0.
Additivity of the multiplicity symbol shows that e(IA, A) = e(IA, A/K) = e(IT). Thus, e(I) < e(IT),
which, now gives e(JT) = e(IT).

Now we use the fact that R is a complete local domain, and therefore is analytically unramified and

satisfies the dimension formula. Note that JT = a4T. By the proof of Theorem Q5, if we write Q1,...,Q,
for the maximal ideals of 7" and set V; := Ty, , we have

e(JT) = divi(J),
i=1
where the v; are the valuations associated to V;, and d; := [V;/my, : k]. Moreover, by Proposition N5,

e(IT) = Z divi (I).

Since J is contained in I, v;(I) < v;(J), for all ¢, so by equality of the sums above, we have v;(I) = v;(J),
for all i. Thus, JV; = IV}, for all I. Therefore, I C (JV1NR)N---NJ(V, N R) = J, by Proposition E5, since
R satisfies the dimension formula. Thus, I C J, and since the reverse containment always holds, I = J, and
the proof is complete. O

6. MIXED MULTIPLICITIES AND TEISSIER’S THEOREM

The purpose of this section is to consider the following theorem of Teissier, which was given in a geometric
setting.

Theorem A6. Let (R, m, k) be a reduced local ring of dimension d > 2 such k has characteristic zero, R is
Cohen-Macaulay and also the localization of a finitely generated k-algebra at a mazximal ideal. Let I,J C R
be two m-primary ideals. Then:
e(1J)i < e(I)7 +e(J)7.

This is similar in spirit to the Minkowski inequality from analysis which states that for f,g € LP(R) (say),
I1f+9llp <IIfllp+ [lgllp, where ||f]lp = ([ |f|pdx)%. A few years after Teissier’s result was published, Rees
and Sharp wrote a paper extending the result tow arbitrary local rings. We will present this result below. A
key feature of Teissier’s proof was the use of the so-called mized multiplicities of I and J. These multiplicities
are the normalized leading coeflicients of the terms of total degree d in the Hilbert-Samuel polynomial that
tracks the lengths of R/I™J™, for n,m >> 0.

General Discussion. We begin with a general discussion of some of the things we will need for the
Teissier-Rees-Sharp theorem.

(i) Just as in the one variable case, a numerical polynomial in two variables in a polynomial P(z,y) € Qlz, y]
such that P(n,m) € Z, for all n,m € Z (or N). Given m-primary ideals I, J C R, there exists a numerical
polynomial of degree d Pr j(x,y) € Q[x,y] such that Pr j(n,m) = A(R/I"J™), for n,m >> 0. We will
prove this below, but the proof of this fact is not much different from the proof of the one variable case,
though below we will not discuss the general bi-graded case. Henceforth, we will think of this polynomial as
a polynomial in n and m.

(ii) Because Pz j(n,m) is a numerical polynomial, there exist integer coefficients, e;; such that

P[7J n,m) = 617<n+l>(m+3)
(n,m) iﬂz;d il ;
The proof of this is almost exactly the same as in the one variable case because one can induct on the degree
of the second variable, and mimic the previous proof. The integers e;; such that i + j = d are called the
mixed multiplicities of I and J. We will see below that the mixed multiplicities are positive integers.
Moreover, using the binomial identities ("jl) - ("+f_1) = ("jﬁ;l), exactly the same proof from the previous
section shows that if H(n,m) is a numerical function, and H(n,m) — H(n — 1,m) agrees with a numerical
polynomial of degree d — 1 for n,m >> 0, then H(n,m) agrees with a numerical polynomial of degree d, for
n,m >> 0.
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(iii) It is easy to see that if we write out the terms of total degree d in Py j(n,m), this expression can be
written as

Py y(n,m) = %{eo(ﬂj)ndJr <;Z>61(I|J)nd1m+-..+ <

Where e;(I|J) = eq—i, for 0 <i <d.

(iv) Now suppose we fix r,s > 1. Then e(I"J®) is determined by the lengths A(R/(I"™™J*") for n >> 0,
which equal Py j(rn, sn). If we substitute (rn, sn) into the equation in (iii) we get that the degree d term of
P]r']s (TL) is

d
d 1> ea1(I|)nm~1 + ey(I1.T)m?}.

1 d d
E{GO(I\J)TT + <1) er(I1)rd ts 4+ + (d - 1) ea1(I|)rs® 1 4 eq(I]J)s%}n.
This shows that

e(I"J%) = eo(I|J)r? + (Cli) er(I))r? ts 4+ - 4 ( )ed_l(ﬂ.])rsdl + eq(I]J)se.

d
d—1
Moreover, we also infer e;(I"|J®) = r?~isie;(I|.J), for all i. If we take r = s = 1 in the equation above, we

have
d

e(I1J) =eo(I|J) + (1

d
Yty oo (0 Jeartti 4 eati.
(v) Let’s see how the formula (%) might lead to the Minkowski-type inequality for multiplicities discovered
by Teissier. Consider three positive integers a,b,c. If ai < ba + ci, then raising this relation to the dth
power, we get a < Z?:o (‘f)b% ca. It is clear that this last expression is equivalent to ai < bi +ca. If
we take a = e(I.J), b = eg(I]J) and ¢ = eq(I|J), then using (), the Minkowski inequality for multiplicities

holds if each e;(I].J) < eo(I|.J) T - eq(I]J)4, for 1 <i < d—1.

(vi) Set e; := e;(I|J), for 0 < i < d. Thus, Teissier’s inequality holds if each e < ed~%¢’. We claim these

inequalities hold if 2—(1) < i—f <. < P:i -. To see this, we first note that the required inequalities hold if and

only if (£)4 < (£4)¢ for all 1 <4 < d — 1. We next note that
€ €0

_Gi yd—i(Cizlya—i  (Clyd—i - (& i (Gd=1yi eij)i
€i—1 €;i—2 € T oed-1 €d—2 €

)

since there are (d — i)i factors on both sides of the inequality, and every factor on the left hand side is
less than or equal to every factor on the right hand side. Multiply both sides of this last inequality by

T or A
() (=) (5)" to get

Ci_ya(Gizlyd, (Clya o (Cdyi (Cd=lyi (Clyi

€i—1" €j—2 €’ T ed-1 €d—2 €o
Cancelling like numerators and denominators on both sides of the inequality gives (j—o)d < (%)Zv which is
what we want.

(vii) Thus, Tessier’s theorem holds if one can show i—; < % <. < e:i - However, these inequalities hold
if e? <ei_16i41, forall 1 <i<d-—1.

(viii) Suppose P(n,m) is a numerical polynomial in two variables of degree d and we write it in the form
P(n,m) =3, icq (") (m]‘.”), then using the binomial identity (") — ("~*) = ("7'"), we have that

7 [ 7 1—1
n+i—1\/m-+j
o) = o= 1m) = 30 s (") (M)
i+j<d—1
Now suppose R* is a local ring of dimension d — 1 having the property that
Pr.y(n,m) — Pr j(n —1,m) = Prg~ jr-(n,m).

Ii follows that e;(I*|J*) = e;(I|.J), for 0 < i < d— 1. Similarly, if R’ is a local ring of dimension d — 1 having
the property that
Pry(n,m) — Pry(n,m—1) = Prp: jrr(n,m),
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it follows that e;(I'|J") = e;(I|J), for 1 < ¢ < d. Thus, if one can find rings R* and R’ satisfying these
properties, once can prove the inequalities in (vii) by induction on the dimension.

(ix) An element a € T is said to be superficial for I,J if there exists ¢ > 1 such that
(I"J™:a)NICJ™ = (I""1J™ : a),
for all n > ¢ and m > 1. We will see below that superficial elements exists, and that for R* := R/aR,
Pr.y(n,m)— Pr j(n,m—1) = Pr+ jr+(n,m).
This reduces the proof of Minkowski inequality to the two-dimensional case.

(x) Let L denote the stable value of (0 : m) C (0: m?) C ---. Then, we have seen that the image of m in
S := R/L has positive grade. Since I, J are m-primary, it follows that I.S and JS also have positive grade.
Now, exactly the same proof as in item (ii) of the Applications of Superficial Elements from the previous
section shows that Py j(n,m) and Prg js(n,m) differ by a constant. Since dim(R) = dim(S) > 0, this shows
that e;(I|J) = e;(IS, JS), for all i. Thus, we are free to assume I and J have positive grade when working
with mixed multiplicities.

(xi) The discussion in the previous section concerning extending the residue field, in case k is finite, applies
equally well in the current situations, so that the mixed multiplicities remain the same when we extend I
and J to R(z). Thus, one may harmlessly assume that & is infinite.

(xii) Let K C I be a reduction of I, i.e., there exists ng such that KI™ = [™*+1 Tt follows that for all
n > ng, K"~ [0 = J", Since I"J™ C K™~n"o ™ C J*~™0 J™ for n > ng, it follows that

Pr j(n,m) < Pg j(n —ng,m) < Pr j(n—ng,m),

for n > mg, and from this it follows that e;(I|J) = e;(K|J), for all ¢ (since the mixed multiplicities are
positive). The proof of Theorem F5 shows that when k is infinite, there exists an ideal K C I, generated
by a system of parameters such that K is a reduction of I. Thus, when k is infinite, we may replace I by a
system of parameters and not change the mixed multiplicities.

(xiii) eg(I]J) = e(I) and eq(I|J) = e(J). To see this, take n,m sufficiently large, so that the lengths
MR/I™MJ™) = Py j(n,m). Now, fix m = mg. Then

MR/ITT™) = %{eo(ﬂJ)nd + <d) er(I|)n?tmg + - + <

1 >ed1<I|J>nm3‘l +ea(I|))mG} + -

d
d—1
This shows that the lengths A(R/I™J™°) are given by a polynomial of degree d whose normalized leading
coefficient is eg(I|.J). On the other hand, A(R/I™J™) = A(R/J™0) 4+ A(J™0 /"™ J™0), for all n. Therefore,
the degree d polynomial giving the lengths of J™o/I™J™0  for n large, also has eg(I|J) as its normalized
leading coefficient. In other words, eq(I]J) = e(I,JJ™), when we regard J™° as an R-module. Since the
annihilator of J™° has to be nilpotent, dim(J™°) = d, as an R-module. Since dim(R/J™°) = 0, additivity
of the multiplicity symbol e(/, —) applied to the exact sequence

0—J™ - R— R/J™ =0,

shows that e(I, J™) = e(I, R) = e(I). Thus, eo(I|J) = e(I), as required. The proof that e (I|J) = e(J) is
similar.

Our first goal is to show the existence of Pr j(n, m) while at the same time showing that for all 0 <7 < d,
e;(I|J) > 0. For this, we need superficial elements relative to a pair of ideals. The proof of this case is
very similar to the proof of the superficial element proposition from the previous section, though there is an
interesting wrinkle in the proof that does not occur with one ideal. We also need a bigraded version of the
Artin-Rees Lemma. We just indicate the proof in the case we need because it is essentially the same as in
the usual case.

Proposition B6. Suppose I,J, K C R are ideals. Then there exists u,v > 1 such that for all n > u and

m>wv, ["J"NK C " *J" K.

Sketch of Proof. One uses the bigraded Rees algebra R := R[It, Js| = ,, ,,~o " J™t"s™ and considers the

ideal K = @(K N I"J™)t"s™ C R. This is a homogenous ideal with respect to the bigrading on R, so it
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has a set of homogeneous generators. Take u greater than any exponent of ¢ among these generators and v
greater than the exponent of s among these generators. Then for any element b € I"J"™ N K with n > u
and m > v, bt"s™ € K. Write this element in terms of the generators of K, and read off the homogeneous
coefficients of the generators, to get the desired conclusion. |

Proposition C6. Let (R, m, k) be a local ring with infinite residue field and positive depth. Let I,J C R be
m-primary ideals. Then there exist ¢ > 0 and a non-zerodivisor a € I, that is also a minimal generator of I,
such that (I"J™ :a) = I""YJ™, for allm > c and all m > 1.

Proof. We use the Rees ring R of R with respect to I and J. This is the ring R := R[It,Js], where
t,s are indeterminates over R. This is a bi-graded R-algebra, generated in degrees (1,0) and (0,1) over
R. Let Q1,...,Q, be the associated primes of IR not containing It and Q,1, ..., be the remaining
associated primes of IR. Choose ¢y > 0 such that (It) is contained in the @;-primary component of IR,
forr+1<i<h WesetJ :={reR|rt €Q;}, for r+1<4i < h. Then as before, I Z J;, so that
I N J; is properly contained in I. Let P, ..., P, be the associated primes of R, and note that W; := I N P;
is properly contained in I. Finally, take J C I so that (J +mlI)/mI C I/mI has dimension one less that the
dimension of the vector space I/mI. Then the subspaces (J; +mI)/mI, (W; +mI)/mI, (J + mI)/ml are all
proper subspaces of I/ml, so there exists a € I whose image in I/ml avoids these subspaces. Thus a is a
minimal geberator of I and also a non-zerodivisor.

Now suppose n > ¢g and r € (I"J™ : a) N I°J™. Then rt®s™ € R. Ilf n = ¢y + 1, then ¢g = n — 1,
so r € I"'J™, which is what we want. Suppose n > cg + 1. Then rt®s™ - at € ["Jmtcotlsm ¢ [R.
By definition of ¢y, 7t J™ belongs to every @Q;-primary component of I'R, with r +1 < ¢ < h. On the
other hand, the choice of a forces rt®s™ to be in the @ ;-primary components of I'R, for 1 <14 < r. Thus,
rt®s™ ¢ I'R. This implies r € I°T1.J™, We may repeat the argument until we arrive at r € I"~1J™,

Finally, let u, v be chosen so that (a)NI™J™ C aI™~“J™ ™, for n > u and m > v. Take p such that I? C J,
so that IPY C JY. Now suppose n > pv + u + ¢y and take r € (I"J™ : a). Then ra € I"J™ C [uFco jmtv
(the aforementioned wrinkle), so ra € (a) N I¥+T% J™ Y and we can write ra = az, for x € I°®°J™. Thus,
r=ax € [°J™, since a is a non-zerodivisor. Therefore, r € (I"J™ : a) N I%J™ = ["~1]J™ by the previous
paragraph. Taking ¢ := pv + u + cg shows that (I"J™ :a) = I""1J™, for all n > ¢, and all m > 1. (]

We now show the existence of the Hilbert-Samuel polynomial associated to two m-primary ideals.

Theorem D6. Let (R,m, k) be a local ring of dimension d, and I,J C R m-primary ideals. Then there
exists a numerical polynomial Pr j(n,m) of degree d such that A(R/I"J™) = Pr j(n,m), for n,m >> 0.
Moreover, if we write the terms of total degree d in Pr j(n,m) as

1 4. [d a1 d
a{eo(ﬂ.])n + <1>61(I|J)n m+ -+ (d—

then each e;(I|J) > 0.

1) ea1(I|7)nma=1 + eq(I1.7)m?},

Proof. We use Hy j(n,m) to denote A(R/I™J™) for all n,m. Without loss of generality, we may assume
the residue field of R is infinite. We now induct on d. If dim(R) = 0, then the conclusion of the theorem is
clear. Assume d > 0. By (x) in the General Discussion above, and its predecessor in the previous section, if
we write S := L, for L := (0 : m*), for ¢ >> 0, the lengths Hy j(n,m) and the lengths A(S/I"J™S) differ
by a constant for large n, m. It follows that we may assume that R has positive depth, and hence I and J
have positive grade. By the previous proposition, there exists ¢ > 0 and a € I, a non-zero divisor, such that
(I"Jm™:a) =1""1J™, for all n > c and m > 1. Set R* := R/aR. For n > c, the exact sequence

0— R/I"'J" 3 R/T"J™ — R*/T"J"R* =0,
gives

H]’J(n, m) - H[”](n - ].7 m) = )\(R*/InJmR*)
Since dim(R*) = d — 1, by induction on d, the lengths of R*/I™J™R* agree with a polynomial of degree
d—1, all of whose top coefficients are positive. By comment (ii) in the General Discussion above, Hy j(n,m)
agrees with a polynomial numerical polynomial Py j(n,m) of degree d, for n,m >> 0. If we write the

terms of degree d in Py j(n, m) as in the statement of the theorem, item (viii) in the discussion above shows
a7



e;(IlJ) = e;(IR*|JR*) > 0, for 0 < i < d — 1. Since eq(I|J) = e(J) > 0 (by part (xiii)), the proof is
complete. 0

We need two preliminary results before proving the Teissier-Rees-Sharp theorem. The first is a very special
case of a general result known as Lech’s Lemma and the second result is the key step in the Rees-Sharp proof.

Proposition D6. Let (R, m, k) be a two-dimensional local ring with infinite residue and I = (a, b)R an ideal
generated by a system of parameters. Assume that a € I is a non-zerodivisor and a superficial element for
I. Then,

e(I) = lim — - A(R/(a",1")R).

n—oo 1

Proof. Let’s first note that e(I") = e((a™,b")R), for all n. To see this, let a’b? € I" be a monomial generator
of degree n. Then (a’b?)"™ = (a™)!(b")/ € (a™,b")"R. This shows a’b/ is integral over (a™,b"), and thus I™
and (a™,b™)R have the same integral closure, and thus, the same multiplicity. Therefore,

n?e(I) = e(I") = e((a™,b™)R) < AM(R/(a",b™)R) < n - \(R/(a,b™)R).

Here we are using the fact that if I C R is an m-primary ideal in a local ring of dimension d, then for any
r > 1, e(I") = rle(I).5 Dividing the displayed equation by n? and taking the limit as n — 0 we have,

1 1
e(I) < lim — - A(R/(a",b")R) < lim —-A(R/(a,b")R) = e(b, R/aR) = e(I/aR) = e(I),
n—oo N n—oo M
since a € I is a superficial, non-zerodivisor.
Theorem E6. Let (R,m, k) be a two-dimensional local ring and I, J C R m-primary ideals. Then,
e(1J) < 2e(I) + 2e(J).

Proof. We may assume that the residue field of R is infinite. We may also by modding out the stable value
of (0: m?), we may assume I, J have positive grade. By Theorem F5, there exists an ideal K C I generated
by a system of parameters with K = I. By the comments following Theorem O5, e(K) = e(I). On the other
hand, one also has KJ = I.J, and thus, e(KJ) = e(I.J). Therefore, we may replace I by K, then change
notation to assume that I = (a,b)R is generated by a system of parameters. From our work in the previous
section, we may further assume that I = (a,b) with a a non-zerodivisor and a superficial element for I.

Let F' = R?, and observe that for alln > 1, we have a surjective R-module map F/J"F — (a™,b")R/(a™,b™)J".
Thus,
2-AMR/JI™) > M(a™, 0")R/(a™,b")J"}.
Therefore,
A(R/(a™,0")) + 2A(R/J") = A(R/(a™,0")) + M{(a",0") R/ (a",0")J"} = M(R/(a",b")J") = AR/(I"J").

If we multiply the left hand side of this inequality by % and take the limit as n — oo, we get 2e(I) + 2e(J)

n2
(using Lech’s lemma on the first term). Multiplying the far right side of the inequality by % and taking the
limit as n — oo gives, e(IJ), which completes the proof. |

We now have all of the pieces required to prove the main result of this section.

Proof of Theorem A6. We may assume the residue field of k is infinite, and proceed by induction on
d := dim(R). We let e;(I]J) denote the mixed multiplicities of I and J, and set e; := e;(I|J). By item (iv)
of the General Discussion, we need to prove that e? < e;_je;41, for all 1 <i < d — 1. Suppose d = 2. By
item (vii) of the General Discussion above, we must prove e < eges. By item (iv) in the general discussion,
for all 7, s > 1, we have
e(I"J®%) = egr? 4 2e17s + e35°.
On the other hand, by Theorem E6,
e(I"J%) < 2e(I7) + 2e(J*) = 2re(I) + 25%¢(J).

Thus
’ 2 2 2 2
eor” + 2e1rs + egs” < 2egr® + 2e957,

6To see this, note that A(R/(I")™) = Pr(rn), for n >> 0, which shows that the normalized leading coefficient of Pyr(n) is
rde(T).
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for all r, s > 1. Therefore,
0< eor2 —2e1rs + 6282,
for all r, s. If we substitute r = e; and s = eg into this last expression, we get
0< eoef — 26%60 + ezeg = —eoef + 6(2)62.
Since ey > 0, , we can divide by eg and conclude e? < eges.

Now suppose d > 3. By item (x) in the General Discussion, we may assume that I, J have positive grade.
By Proposition C6, there exists a € I, a non-zerodivisor that is superficial for the pair I, J. Set R* := R/aR,
so dim(R*) = d — 1. Then for n >> 0, we have an exact sequence

R/I"MJ™ 3 R/IMJ™ — R*/I"J™R* — 0.
It follows that for n,m >> 0, Pr j(n,m) — Pr j(n —1,m) = Prp« jr~(n,m). By item (viii) in the General
Discussion, e;(I|J) = e;(IR*, JR*), for 0 < i < d— 1. Therefore, by induction, we have e < e;_1e;41, for all
1 <i < d—2. Since the argument is symmetric in I and J, we may take b € J superficial for I, J and repeat
what we have just done with the roles of I and J reversed to pick up the last relation e ;| < eq_seq. O

Final Remarks. What about equality in the Minkowski inequality for multiplicities? It turns out that this
is closely related to the integral closure of powers of ideals. Two ideals I, J C R are said to be projectively
equivalent if there exist positive integers a,b > 1 such that I¢ = Jb. We first note that if this condition
holds, then equality in the Minkowski inequality for multiplicities is more or less a formal consequence of
the rules for manipulating the mixed multiplicities. To see this, we need to observe that if L, K C R have
the same integral closure, then e;(L|K) = e(L) = e(K), for all i. To see this, for one, we know from the
previous section that e(L) = e(K). We may also assume L = K, by item (xii) in the General Discussion.
So suppose L = K. Then when we calculate Pp x(n,m) = Pr r(n,m) we are calculating the lengths of
R/L"K™, with n,m independent. But this is the same as considering the lengths of R/L"T™ as a function
of two variables. Thus, if expand Pr(n + m) out as function of n,m and compare the leading coefficients
with those of Py, 1 (n,m), we see that e;(L,L) = e(L), for all 4.

Now, if we trace through the sequence of steps that led from the Minkowski inequality to the set of
inequalities €? < e;_1e;11, we see two things: (i) The Minkowski inequality holds if and only if the set of
inequalities e? < e;_1e;41 hold and (ii) Equality in the Minkowski inequality holds if and only if e? = e;_1e;41,
for all i. Now, suppose I,.J C R are projectively equivalent, i.e., there exist a,b > 1 such that I¢ = Jb.
Then, all of the mixed multiplicities e;(1%|J?) are equal, and consequently, all of the mixed multiplicities
e(I*|J%) are equal. Thus e;(I¢|J%)? = e;_1(1%|J")e;11(1¢|J?), for all i. However, from item (iv) in the
General Discussion we have,

ei(IJ°)% = (a="")2e;(I]J)? and e;_1 (I%|J%) i1 (14| J°) = (dF i e (1)) - (a¥=CHDpi+e, (1)),

from which it follows that e;(I|J)? = e;_1(I|J)e;+1(I|J), for all i, and thus, equality holds in the Minkowski
inequality.

In the geometric setting, Teissier proved the converse, which turns out to be a generalization of the Rees
multiplicity theorem. In other works, the converse states that equality in the Minkowski inequality implies
that the ideals are projectively equivalent. Using geometric techniques, Teissier reduced the question to
surfaces, and used resolutions of singularities to finish off the proof. Rees and Sharp proved an algebraic
version of this for two-dimensional quasi-unmixed local rings and DK showed how to reduced the general
algebraic case to the two-dimensional case. A consequence of this theorem is that one gets a version of the
Rees multiplicity theorem, without assuming a containment relation between I and J. The statement in this
case would be: Let (R, m, k) be a quasi-unmixed local ring of dimension d and I, J C R, m-primary ideals. If
eo(I1J) = e1(I|J) = -+~ = eq(I|.J), then T = J. The point is that if all of the mixed multiplicities are equal,
it is not hard to see that equality must hold in the Minkowski inequality. Thus, I¢ = J?, for some a,b. But
then ade(I) = ble(J), and since e(I) = e(J), a =b,s0 [ = J.
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